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Abstract 
 
This paper refers to the generation and analysis of data sequences 
called De Bruijn quaternary sequences for modeling of 
quaternary modulation formats witch show very interesting 
properties. In particular, we will focus on the spectrum, 
autocorrelation function analysis and statistical properties. A De 
Bruijn quaternary sequence analysis for a length of 1024 bits has 
been made to confirm its properties. The simulations results are 
then presented and discussed. 
Key words: De Bruijn sequence, PRBS sequence, PRQS 
sequence, irreducible primitive polynomial, autocorrelation 
function. 
 

1. Introduction 

To estimate the performance of an optical transmission 
system, we have to test it experimentally or through 
numerical simulations for the principle of the latter lies in 
the numerical solution of nonlinear equation that describes 
the Schrödinger propagation of a light wave. But this 
equation is not solvable analytically, except for special 
cases (eg solitons). The basic pattern of an optical signal 
transmitted in fiber is called a symbol. At the beginning of 
transmission, the data sent by transmitter to receiver do no 
damage. During propagation, due to the interaction of 
different effects (chromatic dispersion, nonlinearities, 
noise, etc.) some transmitted symbols are more degraded 
than others. So as not to overestimate or underestimate the 
performance of the sequence data that is supposed to test 
the performance of the system should contain as many 
cases eventually degraded by the transmission case that 
not much affected [1-2]. The sequences of the most 
realistic (or rather the ideal case) are random sequences of 
infinite length. Simulating an optical transmission with 
such a sequence then requires a very long time to load and 
large memory space, which can easily exceed the power of 

the machine. So the best solution is the use of De Bruijn 
binary sequences [3].  
In numerical simulations, we solve the equation of 
nonlinear Schrödinger method using the Split-Step Fourier 
Method (SSFM) [4], a method that requires many parts of 
the spectral time domain. To accelerate this approach, we 
use the algorithm of fast Fourier transform (FFT) which, 
however, requires a number of symbol sequences in power 
of 2[5]. So, for the propagation simulations over optical 
fiber, the PRBS sequences have a disadvantage: their 
length can not be a power of 2[6]. To overcome this 
disadvantage, it often makes PRBS sequences (pseudo 
random quaternary sequence) to De Bruijn sequences, the 
latter being well suited for this type of simulation. 

2. De Bruijn Sequences  

These sequences are defined so that they contain all the 
arrangements of m possible symbols. They have a length 

of mq symbols, where q is the number of different 

symbols in our alphabet and m is the number of cells 
constituting the LSFR register. 
The whole De Bruijn sequence is constructed by two 
radically different ways, either:  
 By use of a connected graph and balanced says “Euler 

graph”[7]. 
 Using a pseudo random binary sequence with the 

addition of a symbol. 
So with the first method we can obtain all possible 
deBruijn sequences, we will focus only generate a 
deBruijn sequence by the second technique. A pseudo-
random sequence involves a deBruijn sequence by adding 
a logical zero "0" in the longest train of "0". The reverse is 
not always true. That is to say, a deBruijn sequence does 
not always result in a pseudo-random binary sequence by 
removing a "0". Therefore, we can have pairs of sequences 
of length but also possess the pseudo-random properties. 
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Fig. 1 shows an example of a De Bruijn sequence of a 16 

bits length. In this sequence one can be distinguished 42  
arrangements of 4 bits. 
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Fig. 1 The whole sub-sequence of 4 bits 

3. De Bruijn Sequence Generation  

A binary De Bruijn sequence is obtained from a PRBS 
sequence. The theory of pseudo-random binary generation 
based on the Galois field properties. They have an odd 
length, equal to 2m-1 bits. The pseudo random binary 
sequences can be constructed using a linear shift feedback 
register (LFSR) by one or more exclusive-or gates as 
shown in Fig. 2.  
 

 
  

ia  1ia  2ia  1mia  2mia  

1ih  2ih  1mih  mih   

Séquence de sortie Output sequence  

Fig. 2 LSFR Schematic register for a primitive polynomial  

 
 
To obtain a De Bruijn sequence, we add a "0" in the 
longest train of "0" of a PRBS. Consequently there will be 
many "1" than "0" means that the length of the sequence is 
even. Taking the example of a PRBS sequence: 
00010011010111. To construct a deBruijn sequence we 
add a logical zero in the middle of the sequence of 3 bits, 
we obtain the following sequence: 0000100110101111. 
 

4. Pseudo Random Quaternary Sequence 
« PRQS» 

The pseudo-random quaternary sequence or PRQS 
sequences have a length equal to a power of 4 minus one 
symbol and they are repeated periodically. They are 
created in two ways. Either: 
By a method based on GF (4) because we can not define 
an XOR gate on objects with four levels. 
Using a multiplexing between two pseudo-random binary. 
Also, we can apply a second technique for the De Bruijn 
quaternary generation associated with PRQS sequence but 
we use multiplexing between two De Bruijn binary 
sequences. So, to explain this latter method we have 
chosen to illustrate it with example (Fig. 3). 

5. Method of Multiplexing Between Two De 
Bruijn Sequences 

First, we generate all De Bruijn sequences from a PRBS 
obtained by circular permutation, and then each sequence 

is shifted by a factor
2

m
 . Multiplexing between De 

Bruijn sequences one shifted from the other provides a 
sequence of De Bruijn associated with PRQS (See Fig. 3). 
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Fig. 3 Multiplexing principle between two De Bruijn sequences 

 
Modelling transmission using QPSK formats concern the 
optimizing how to emulate the actual traffic data that is to 
say we are interested in the study and the generation of De 
Bruijn quaternary sequences associated with a PRQS 
sequence. 
The calculation of the PRQS sequences is based on 
multiplexing between two De Bruijn sequences, which its 

length is equal to m4 . 

 De Bruijn sequence  (0000100110101111) 
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In Fig. 4, we present an example of De Bruijn PRQS 

sequence of 24  length, q = 4, m =2, obtained by 
multiplexing between two De Bruijn sequences.  
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Fig .4 Multiplexing between two De Bruijn sequences to obtain a De 

Bruijn PRQS sequence of 
24  length, q = 4, m = 2. 

 

6. Simulation Results and Discussion 

The analysis carried out here are on the same principle as 
PRBS sequences generated through the primitive 

polynomial 1310  xx)x(h . It is an addition to a 

logical zero "0" in the longest train of "0" of a PRQS. 
Fig. 5 shows that adding a zero to a pseudorandom 
random sequence to obtain De Bruijn sequence disrupts 
completely its autocorrelation function. Also, we show an 
influence of the sequence length to its spectrum Fig. 5 (e). 
Table 1 presents an example of statistical analysis of De 
Bruijn binary sequence for 1024 bits length. This analysis 
verifies the De Bruijn sequence properties: the probability 
of occurrence of each bit is identical. This is similar to the 
associated state changes sequence. 
 

TABLE. 1 STATISTICAL ANALYSIS OF DE BRUIJN BINARY SEQUENCE FOR  
1024 BITS LENGTH 
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Fig. 5 (a) PRBS sequence spectrum of 1023 bits, (b) PRBS 
autocorrelation function of 1023 bits, (c) De Bruijn sequence spectrum of 
1024 bits, (d) De Bruijn sequence autocorrelation function of 1024 bits, 
(e) De Bruijn sequence spectrum of 4096 bits, (f) De Bruijn quaternary 
sequence autocorrelation function of 1024 symbols. 

7. Conclusion 

To emulate a real traffic data transmission using a 
modulation format with four levels, we are moving 
towards pseudo-random quaternary say PRQS. Numerous 
tests have been made to verify its properties. The 
simulations require many sequences symbol power of 2. 
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For this, it often makes PRQS sequences to sequences of 
associate Quaternary DeBruijn, the latter being well suited 
for such simulations. It was noted initially that the 
autocorrelation (n) and the spectrum function of a PRBS 
are constant for n different from 0. Second time, it was 
noted that  the autocorrelation function (n) and the 
spectrum of a binary De Bruijn sequence of length L is not 
constant for n equal to 0 due to the addition of logical zero 
at the middle (m-1) zeros of PRBS sequence. In addition, 
we find that the length of the sequence is proportional to 
the disturbance spectrum. 
Then, We moved to the stage of multiplexing. Our tests 
have concluded that the Quaternary sequence De Bruijn 
takes the same properties as that of the binary sequence of 
De Bruijn. 
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