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1. Introduction

The concept of fuzzy subset was introduced by
L.A. Zadeh in [6], and was used afterwards by many
authors in various branches of mathematics.
Particularly in the area of fuzzy topology . Much
research has been carried out since . In 1966 [9], Y.
Imai and K. Is”eki introduced two classes of abstract
algebras: BCK-algebras and BCl-algebras [4],[5]. It
is known that the class of BCK-algebras is a proper
subclass of the class of BCl-algebras. Xi [7]
applied the concept of fuzzy subset to BCK-algebras
and gave some of its properties . J. Neggers , S.S.
Ahn and H.S. Kim [3] introduced a Q-algebra,
which is a generalization of BCI/BCK-algebras and
generalized some theorems discussed in BCI-
algebra . Moreover, Ahn and Kim [8] introduced the
notion of QS-algebra which is a paper subclass of
Q-algebra. In 2013 [2], introduced a new notion
called KUS-algebra, which is dual for QS-algebra
and investigated severed basic properties which are
related to KUS-ideal . In this paper , we introduce
the notion of fuzzy KUS-ideals in KUS-algebras
and then we investigate several basic properties
which are related to fuzzy KUS-ideals. We describe
how to deal with the homomorphism of image and
inverse image of fuzzy KUS-ideals of KUS-
algebras.
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2. Preliminaries

Definition 2.1([2]). Let (X; *,0) be an
algebra with a single binary operation (*) . X
is called a KUS-algebra if it satisfies the
following identities: forany x,y,z € X,

(kusy) 1 (z*y) * (z*Xx) =y*X,

(kusy) : 0* x=x,

(kusg) : x * x=0,

(kuss) :x * (y *z) =y* (x*2).

In X we can define a binary relation (<) by:
x< vy ifandonlyif y * x=0.

In what follows, let (X; * ,0) denote a
KUS-algebra unless otherwise specified. For
brevity we also call X a KUS-algebra.

Lemma 2.2 ([2]). Inany KUS-algebra
(X; *,0), the following properties hold: for all

X, VY, ZeX;
a) X*xy=0andyx x=0 imply x
:y,

b) y* [(y*z) *z] =0,
c) (0*x) * (y*x)=y*0,
d) (x*y) *0=y*x,

Theorem 2.3([2]). Any KUS-algebra is
equivalent to the dual QS- algebra.

Definition 2.4([2]). Let X be a KUS-
algebra and let S be a nonempty subset of X.
S is called a KUS-sub-algebra of X if

X *y e Swheneverx e Sandy € S.
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Definition 2.5 ([2]). A nonempty subset | of
a KUS-algebra X is called a KUS-ideal of X if
it satisfies: for x,y, z € X,
(Ikus;)) (0 ely,
(lkusy) (z*y)e land (y*x)e | imply
z*x)e I

Example 2.6 . Let X ={0 ,a, b, c} in which
(*) is defined by the following table:

* 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Then (X; *,0) is a KUS-algebra . It is easy
to show that I, ={0,a}, I, ={0,b}, 15={0,c},
and I, = {0, a, b, c} are KUS-ideals of X .

Proposition 2.7([2]). Every KUS-ideal of
KUS-algebra X is a KUS-sub-algebra.

3. Fuzzy KUS-ideals and
Homomorphism of KUS-algebras

In this section , we will discuss a new
notion called fuzzy KUS-ideals of KUS-
algebras and study several basic properties
which are related to fuzzy KUS-ideals .

Definition 3.1([6]). Let (X; *,0) bea
nonempty set, a fuzzy subset p in X isa
function p: X — [0,1].

Definition 3.2. Let (X; *,0) be a KUS-
algebra , a fuzzy subset p in X is called a fuzzy
KUS-sub-algebra of X if forall x ,y € X, p
(x*y) = min {p (X), u (V)} .

Definition 3.3. Let (X; *,0) be a KUS-
algebra , a fuzzy subset p in X is called a fuzzy
KUS-ideal of X if it satisfies the following
conditions: , forall x,y,z e X,

(Fkusy) p(0)=p(x),

(Fkusp) p(z*x) = min {p (z*y), p (y *X)}.

Copyright (c) 2013 International Journal of Computer Science Issues. All Rights Reserved.

Example 3.4.
1) Let X={0, 1,2, 3}inwhich (*)is
defined by the following table:

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then (X ; * ,0) isa KUS-algebra. Define a
fuzzy subset p : X— [0,1] by
u(x) = { 0.7 if x e{Oil}
0.3 otherwise
I, ={0, 1} is a KUS-ideal of X. Routine
calculation gives that p is a fuzzy KUS-ideal of
KUS-algebras X.
2) Consider X = {0, a, b, ¢, d} with(*)
defined by the table :

* 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Then (X ; *,0) is a KUS-algebra. Define a
fuzzy subset p: X — [0,1]such that
H(0) =tr, W@ = p(b) = we) = p(d) =t
where t;, t, €[0, 1] and t; > t,.

Routine calculation gives that p is a fuzzy
KUS-ideal of KUS- algebra X .

Definition 3.5 ([6]). Let X be a nonempty set
and p be a fuzzy subset in X, for t € [0,1],

the set U, ={x e X | p(x) >t} is called a level
subset of .

Theorem 3.6. Let u be a fuzzy KUS-ideal in
KUS-algebra X. p is a fuzzy KUS-ideal of X if

and only if , for every t € [0,1] , L, is either
empty or a KUS-ideal of X .
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Proof: Assume that p is a fuzzy KUS-ideal of
X, by (Fkus;) , we have p (0) > p (x) for all

x € X therefore p(0)>p(x)>t for x e W,
andso 0 e , .Letx,y,z e X be such that
(z *y) e u, and (y*x) e l,, then

p(z*y)>t and p(y*x)>t,since pisa
fuzzy KUS-ideal, it follows that

Wz * X)>min {p(z * y), u(y*x)} >t
and we have that x*z e p, . Hence i, isa
KUS-ideal of X .

Conversely , we only need to show that
(Fkus;) and (Fkus,) are true . If (Fkus,) is
false , then there exist x e X such that
w (0) < u(x"). If we take
t'=(u () +pn(0))2,then )<t and
0<t' <pE)<Il,then Xep and n#dJ.
As W, isaKUS-ideal of X, we have

Oe 1, andsop(0)=t.Thisisa

contradiction . Now , assume (FKkus,) is not
true ,then there exist X" ,y", z° € X such that

pE*Ex)<min{u(@*y),ply * x)}h
Putting
£=(1 (2 *X) +min {n(Z *y"), p(y" *x)}2,
then u(x' *z)<t and
0<t <min {u(z° * X),pn(y *x)} <1,
hence
p(Ez *y)>tand p(y *x) >t,

which imply that

(@ *y)ep, ad (y *x)e .
Since W, isaKUS-ideal ,it follows that
(X *z)e p,andthat p(x* * z') >t this

is also a contradiction . Hence p is a fuzzy
KUS-ideal of X . &

Corollary 3.7. Let p be a fuzzy subset in
KUS-algebra X . If u is a fuzzy KUS-ideal,

then for every t e Im (u), Y, is a KUS- ideal
of Xwhen u, #J.

Theorem 3.8. Let u be a fuzzy subset in
KUS- algebra X . If p is a fuzzy KUS-sub-
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algebra of X if and only if , for every t € [0,1] ,
L, is either empty or a KUS-sub-algebra of X.
Proof: Assume that p is a fuzzy KUS-sub-
algebra of X ,let x,y € X be suchthatx € p,
and

ye l,,then p(x)>t and p(y)>t.Since pn
is a fuzzy KUS-sub-algebra, it follows that
p(x*y)>min {p (x), p(y)} >t and that
(x*y)e p, .

Hence L, is a KUS-sub-algebra of X .

Conversely, assume
p(x*y) > min {u(x), u(y)} is not true ,then
there exist X and y e X such that ,

pxF YY) <min {p(x7), u(y))

Putting
t=(u (x"* y?) + min {p(x’), p (y")}/2, then
px)<t and

0<t <min {p (x"), n(y)} <1, hence
p(x')>t and pu(y') >t', which imply that
X epn,and y e p, ,since B, isa

KUS-sub-algebra ,it follows that
X *y e W, and that

p(x' * y') >t this is also a contradiction .
Hence p is a fuzzy KUS-sub-algebra of X . o

Proposition 3.9. Every fuzzy KUS-ideal of
KUS-algebra X is a fuzzy KUS-sub-algebra of
X.

Proof: Since p is fuzzy KUS-ideal of a KUS-
algebra X, then by theorem (3.6) , for every

te[0,1], p, is either empty or a KUS-ideal
of X . By proposition(2.7), for every
te[0,1], W, is either empty or a KUS-sub-

algebra of X .Hence W is a fuzzy KUS-sub-
algebra of KUS-algebra X by theorem (3.8). o

Definition 3.10 ([1]). Let(X; *,0) and

(Y; *°,0°) be nonempty sets. The mapping
f:(X; *,00) > (Y; #°,0) is called a
homomorphism if it satisfies:

f(xxy)=F (x) > f (y), forallx,y e X.
The set {xeX | f (x) = 0%}is called the Kernel

of f denoted by Ker f .
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Definition 3. 11 ([1]). Let f : (X;*,0)

—(Y;*,0") be a mapping nonempty sets X and
Y respectively. If u is a fuzzy subset of X,
then the fuzzy subset  of Y defined by:

)= sup{u(x)xe ()}

0  otherwise

is said to be the image of p under f .
Similarly if B is a fuzzy subset of Y, then
the fuzzy subset p=(Bo f) in X (i.ethe

fuzzy subset defined by p (x)=p ( T (x)) for
all x e X) is called the pre-image of B under

f.

Theorem 3.12. An into homomorphic pre-
image of a fuzzy KUS-ideal is also a fuzzy
KUS-ideal .

Proof: Let f :(X; *,0) =(Y; *'0) bean
into homomorphism of KUS-algebras, f§ a
fuzzy KUS-ideal of Y and p the pre-image of
under f, then B ( f (x))=pn (x), forall x e X
.Since f (x) e Yand p isa fuzzy KUS-
ideal of Y, it follows that
B0 > B( T (x)) =p(x), forevery x € X,
where 0' is the zero element of Y.
But B0 =p( f (0)) =p(0) andso
w(0) > p(x) forx e X.
Now let X,y,z e X , then we get
pE*x0=p(f @*x)=pf @
(%)
>min B(f @) ** f (),
BCE () * f ()}
=min {8 (f @ *y)B(F (v
* X)) }
=min{p(z*y)), n(y*x)}

Le., u(z*x) Zmin{p(z*y)), p (y*x)}, for
allx,y,ze X. o

Definition 3.13 ([1]). A fuzzy subset p of a

set X has sup property if for any subset T of X
, there exist ty €T such that u(ty) = sup {u(t)|

teT}.
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Theorem 3.14. Let

f (X *,0) >(Y; *',0)bea

homomorphism between KUS-algebras X and
Y respectively. For every fuzzy KUS-ideal

in X with sup property, f () is a fuzzy KUS-
ideal of Y.

Proof: By definition B(y)= f (u)(y)

= sup{u)| X e f1(y') Hforall y'eY

(sup @ =0).
We have to prove that B(z'* ' x') > min

{B(Z'*"'y"),B(y'*'X)}, forallx,y,z' €Y.
() Let f :(X; *,0) —(Y; *',0") be aonto
homomorphism of KUS-algebras, L is a
fuzzy KUS-ideal of X with sup property and
B the image of punder f . Since pisa
fuzzy KUS-ideal of X , we have pu(0) > u(x)
forall x e X. Note that 0 € f ™ (0), where

0 and 0" are the zero elements of X and Y
respectively. Thus

B(0") =sup pu(t) = (0) 2 p(x) = 1(0) = n(x)

tef (x')
for all x € X, which implies that
\
B0z sup p(t) = A(x) forany X' €Y
tef 2(x")

Foranyx,y,z' e Y, let x, e f *(x") ,

Yo € f—l(y\)] Z, € f *(z") be such that:

(2o * Yo) = BLE (20 * ¥o)1= BLE(2' *y')]
=sup (2, * ¥o)

25*yoef Tz *yY)
(Yo *Xo) = BLE(Y, *Xx)]= Bl f (y\ * X\)]
=sup u(Y, *X,)
Yo*xoef Ty *x')

, then

Bz *x') =
sup p(t) = 1(z5 > X,)

= min{ (2, * ¥Yo), ££(Yo * %)}

tef 1z *x\)

te f iy *x")

=min{sup u() , sup #(t)}
tef 1z \*y")

= min{B@' *yY), Ay *x")}

Hence B is a fuzzy KUS-ideal of .
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