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ABSTRACT

This paper performs an analysis of switching time abut
sliding mode controller. A mathematical method for
determining and analysis the switching frequency about the
sliding line are declared. A contribution to the SMC
implementation based on Variable Structure Controllers
(VSC) was adapted to analysis the chattering phenomenon
and estimate the switching time of sliding mode controller.
Also shows the behavior of switching frequency and find
the relation between the switching intervals with the
magnitude of the gain. The simulation results should be
significance to design engineers who wish to express and
study experience in control methods and their applications.
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1. Introduction

A competent type of the variable-structure systems
(VSSs) is a sliding mode control (SMC). It has been
commonly used in practical applications by reason of
its simplicity and robustness against parameter
variations and disturbances[1]. The removal of the
effects of unmodeled dynamics, disturbances,
uncertainties, and improvement of robustness is the
main task of SMC. But there are problems that grow
on with the presence of a sliding mode controller
called chattering phenomenon, this caused by high
frequency switching with small time constant. This
paper presents the analysis of chattering
phenomenon, and indicates the actions of the
switching signal resulting from sliding mode
controller. As well as checking the effect of the
switching time on the growth of chattering
phenomenon. Identify and address the switching time
delay and gain value of sliding mode controller and
their relationship to decreeing the chattering
phenomenon.

2. Design of SMC

Sliding mode Controller (SMC) is a powerful
effective control deal with uncertainties and varying
parameter for non-linear system[2]. However the
SMC has a significant weakness, it is called
chattering phenomenon. The chattering involves
extremely high control activity and increase electric
power consumption. In addition, the chattering
produces unwanted highly nonlinearity of the system
dynamics. Sliding Mode Control (SMC) design
includes two parts. In the first part chooses a
switching line structure where the sliding mode
intersection will happen. In the second part who to
enforce the system trajectory to achieve and stay in
the region of desired switching line[3]. There are two
steps to design the sliding mode controller. Step one
choosing a parameter of sliding equation that
describe a desired motion of states. Step two
Designing an irregular control law that assurances the
switching line will be done [4]. Sliding mode
happens when the system trajectories are restricted to
the sliding line and do not leave them even the
system trajectory achieved to the equilibrium
point[5].

The other main task in the SMC system design is the
selection of a suitable control law this can be
achieved either by assuming a certain type of the
control law, and proving that this control satisfies
reaching conditions or by applying the reaching law
method [6].

3. Sliding Mode Equations

Sliding mode control system can be verified by
taking the second-order system, to generalize a linear
dynamic system single input single output (SISO) [7].
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The canonical space-space can be described the y=Cx
system as
X X1 b

. ! an Q1n !
Xp = Xit1, = : + u
. n .
Xy = XL, a;x; + bu 1 a a

n 21_1 121 ( ) Xy, ni nn Xy, bn
Where a;,b are system parameters, u is the control X

signal (input). In the second-order systems control
was designed as a bang-bang function of system

output. X,

u = —@x Where  aqq,...,Qun ,b1,..., by System  parameters
_ {+ﬁ if x;0>0 @) X1, -, X, the states of the system, u control signal

¢ B if x;0<0 and y is the output of the system.

With switching plane
n

o= Z kix; =0, k;=constk, =

i=1

Design of SMC methodology relies on the
foundations and rules:

» At any point a sliding mode should be exist
when the switching equation is an act.

» Sliding mode must be stable.

» Eliminated or decrease the unwanted signal
(chattering phenomenon).

» From any initial conditions the state
trajectory should reach to the sliding line[8].

4. Chattering Phenomenon.

Chattering phenomenon is the oscillation about the
sliding line with high frequencies, which is rising by
the high-speed switching to the organization of a
sliding mode[9]. It is, it is a weak point on slide mode
because it may lead to unmodeled that caused the
system goes to unstable regions, decreasing the
accuracy of the system, In mechanical moving parts
caused high wear, while in power electric produced
high heat losses[10] .

5. Derive and Analysis of chattering
phenomenon.

This section focuses on the chatter analysis. Consider
an n" order linear of the SMC design as

x = Ax + Bu 3)

Let consider a second order system
[ ] [all a2 xl] b1] u
az1 a22 b,

y=ler el [1]

951 = Qaq1X1 + A12X, + blu

.x:z = a21X1 + a22x2 + bzu (4)

Y =Xyt CXp

the Sliding mode equation

g = k1x1 + kzXz + -+ knxn (5)
Where ky,k,, ..., k, are the parameters of sliding
line (slope of sliding line) generally? k, =1

The choice of linear operator (k, or 8 ) to achieve
sliding motion is governed by two conditions. The
first (stability) is to ensure that the characteristic Eq.

(5) is stable; the second condition will depend on the
number of switched components [9, 11-13]

p=p"ifox; >0 (6)
p=p"

For second order system Eq. (5) becomes:

ifox; <0

g = klxl + Xy (7)

To ensure that equation pass through origin
equilibrium point (0, 0) than Eq. (7) must be equal to
zero (6=0)
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Wheno =0 then

ky=—22 Or |kl =

X1

®)

X2
X1

Eq. (8) shows -v, slope in a sliding mode that is
defined in the fourth and second quarter the makes
the system is stable, as this switching equation will be
a slider which forces the system towards the
equilibrium point (0,0). The purpose of the switching
control law Eq. (6) is to force the system state
trajectory onto a sliding line maintain the system state
trajectory for the subsequent time as shown in figure

().
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Fig 1. Phase Plane of Sliding controller with high chattering.

To simplify the relations between the slope and gain
value, assume that 8, § are fixed where (9§ is the gain
value of SMC,0 = k, slope of sliding line ), the
slope of the sliding line can (k; = tan(0)) Explained
in the above equation:

S
ki, =tan (0) = v )
6,AT The value of sliding controller gain (a, ),
sampling time of switching gain respectively. Figure
2 (a, b) shows in details the relation between the
control signal and sliding line parameters.
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Fig. 2 (a, b) Relationship between the gain of sliding mode and the
slope of sliding line

Assume canonical form of a second order system that
haS a1 = O, Ay = 1 and Qdy1 = —0Ayq,079 =
—a;1, b; = 0, then the Eq. (4) becomes

X1 = X (10)
.x:z = —0y1X1 — AyXy + bzu (11)
u=-yx (12)

The sliding mode exists (Lyapunov's stable exists) if
the system state trajectories are bound and moving to
the sliding line when,

lim,_,od <0,lim,,_ o6 >0 (13)

and the sates of control equations are:

u; = ¢ sign (o)

U, =STBTIS At X

U=u, -y

u=S"1BTISA[x1 X2]—¢sign(o) (14)

Feedback representation of the system (A, B,C), if
CB =0 and CAB > 0, presents a 2" order sliding-
mode of measure zero. While the trajectories near to
{x € 0:|CA?x| < CAB} can rising a chattering
phenomenon. The analysis of the chattering
phenomenon is explained and a principle rule proves
to show that in many cases the chattering can be
estimated by a 2" order sliding mode. In figures 2,
this result is used to show the reality of chattering
phenomenon. The parameterization corresponds to a
linear system, when CB = 0 and CAB = 1.

=2
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While CAB > 0, the trajectories close to the set
{x € 0:|x4| < 1} will provide fast switching. This
fast performance will happen in the state (x,). As
opposed to the non-chattering state x;, as shown in
figure 3.

Shabis Ronss e VNI

And the covering of the hit the highest points of the
chattering variable x,(0) is given by

x(t) = eATx(0) + (e4T —1)A™'Bu (16)
x(t) = e4tx(0) + fot e4®=? By (r)dr

x(t) = o()x(0) + fot(p(t — 1) Bu(t)dt

i When initial time is given by ¢,
. t=t,
AJ- run'm--n?l
W to
x(to) = @(t.)x(0) + [;° ¢ (t, — 1) Bu(r)dr
1.: :I:: [';:'i III'I 1]

Tiew 5|

Fig. 3 Response of the second order system with chattering that
appears on second state.

On the other hand the first-order sliding mode can be
derived in the same way from 2™ order sliding mode.
It is given by x; = x, = 0. When the trajectory
starting at a point x(0) with, x 1 (0) = 0,x, (0) # 0,
properly small, will fluctuate around the sliding
equation (). With parameterization of (4, B, C) and
the order n=>=2 over a duration of
[0,T],when T > 0. See figure 4. On the other
hand when initial state will be x(0) = (0, x,(0))7,
where x,(0) is changeable and x, (0) is fixed, allow
the switching times be indicated by AT € [0, T],
f =1 f =number of switching, i.e, let AT, Be
the time suggested such that x,(AT)=0 .If
x,(AT) < 1 for all AT € [0,T] , then the
chattering variable x, Convinces

Multiply both the side by ¢ (t,)~*

() x(ty) = x(0) + [° 9(t,) L (t,
r)Bu(t)dr

(p(to)_l = @(—t,)

P (t)1x(t,) = x(0) + [,° p(—t)p(to —
)Bu(t)dr

P () x(ty) = x(0) + [[° @(—t, + t, —
r)Bu(rt)dr

9 (to) x(ty) = x(0) + [;° (1) Bu(t)de
x(0) = o(=t,)x(t,) — [;° ¢(—7) Bu(r)de

x(6) = [p(=t)x(te) = J;° 9(~7) Bu()dz| p(6) +

¢
= 1(0)| max|x;(0)_, as x,(0)_,| (15) J? @t — 1) Bu(r)dr
2
x(t) =
mumiﬂmmnam . (gT(t - to)x(to) +
, | | fto @ (AT — t)Bu(r)dr (17)
in I"-'I'|| ‘
| [] — LAt
i A
L
L || L ||l .'rll.- I|'||J l |I 2
a |, i x(AT) = x(0) + AT (Ax(0) + Bu) +4 (A x(0) +
S IR N = ABu)
] am  om ad T T ||r [T 1
T e4Y 4(Ax(0)+Bu)
Fig. 4 Response of the system with initial condition (x;, = AT < max B E— (18)

0 and x,, = 0.05)

,y small switching time
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It's clear from Eq. (18) the periodic switching time
the high chattering (AT) not depended only on Initial
condition of states but also depend on the magnitude
value of sliding gain.

‘TII_I Wl J|||||| ||| '|||‘|||||\|||

in small periodic t establish AT as an estimate of ¢ to
the exactness of the Eq. (22).

=_%
AT = -8 (24)

By comparing between Eq. (9) & (24) that is clear
§ = a; and tan(9) = —a,

Then, since for small p

1 AT
1+/1-6 AT + <P
| AT — tariml sl
“I; |;|| |:-I|;' |:u I;"Il [T |;-I|§ T |;I“ ::;l 1] # == AT(l + —)
(2)
1
— 1+V1-8
AT = e (25)

i :_\. Ir | ' ( | i From above § <1 ,¢ < p then AT decreasing as
wet || 1 [ 1] (il i well as tan(f) = —a, = p decreasing

1T | | | \ I| | | | i

| (1] f i) {8 | ', [ Form an Eq. (9, 24) that is clear 0 is directly
!”‘:t | I, ( Al | ,I b proportional to (8) & proportional inversely with
!u:;|| [ 'I f | i f "y | | (AT), to keep O fixed then must be balance the two
| all | 1] | 1] BT parameters (3, AT). assume 6 is fixed as long as
| Ii e : ~l | i | 1} 6 < % , and x,(0) =0, and x,(0) <1 for AT €
ag — 1 P — — s agsl

i % [0,T]. Let the switch times be denoted by t;,f > 1,

[T T T 'ri; - T TR TR then the chattering variable x; satisfies in equation
) (18), and the envelope of the peaks of the chattering

Fig. 5(a, b) Relationship between x, and sliding mode gain

variable X, is given by

—(a11-b1)ty

xz(tf) =x,(0)e 3 ,
Now if CAB = 1 > 0 subsequently switching if where t; switching time = AT (26)
X,(0) is suitably small that introduce —(ay1-bAT

x(AT) = x,(0)e™ 3 27
o; = CAx(0) =x,(0) +u (19)

In above Eq. (27) the chattering can be stable or
a, = CA?x(0) + CABu (20) unstable depend on the value of (a;q,b;), and the

Eq. (20) holds if the system ordern = 2. If, this
equation and the following at rest holds, but with
X, =0 can be produced ogu=—|a;| <0
and a; 0, < 0. if presuppose that ATy is the next
switching instant, i.e Cx(t) = x;(AT)., then, it holds
that

2AT

simple necessary and sufficient condition for stability
a;; > by there in it is argued that for high
frequencies

m

H(s) = ., where m > () (28)

s(s+ay1—-b1)

So a root-locus argument gives that the catering is
stable if and only if (a;; —b;) >0

0 = x,(AT) = 0, AT + 1) Eq. (28) shows the behavior of chattering pretty well.
Consider a chattering solution that starts with x, , so
CAx(AT) = x,(AT) = a; + a,AT (22) the Eq. (28) says that x, oscillates with

exponentially decreasing amplitude. The length of the

Copyright (c) 2013 International Journal of Computer Science Issues. All Rights Reserved.

1JCSI

www.lJCSl.org



IJCSI International Journal of Computer Science Issues, Vol. 10, Issue 2, No 1, March 2013
ISSN (Print): 1694-0814 | ISSN (Online): 1694-0784
www.lJCSl.org 96

switch intervals will decrease as x, decreases. Also
the number of switching can be derived from Eq.
(28) as follows:

1 1 fAT (a11-b)AT

f= oz Poo|dt (29)

As shown in figure (3) the switching time period (AT)
was changes depend on criteria of sliding equations
trajectory, and it is clear the change of structure
(controller structure ) that happened only on when o
(sliding equation) crosses over the sliding line ( that
pass through the original (0,0) point) in both
directions, that’s led to a fact that no way to control
the AT only by the control to the crossing between
the sliding equation trajectory and zero line sliding
mode with two directions as . From above conclude
the reduced the AT with fixed 0, the chattering was
increased while the system has more speed, this is
caused by high gain (dis large). Therefore, we
consider there is a proportional relationship and
complex proportional maintain to generate the
chattering. This leads us to conclude that chattering
cannot be fully subsided because their sources of it
may be from the internal parameters of the system
itself.

6. Conclusion

This paper displayed a specified the effective of
period time switching on Sliding mode controller
SMC on the chattering phenomenon. Various aspects
of the system’s performance were discussed and
illustrated by simulation results. The important
conclusions from this paper can be summarized as
follows

1 - First conclusion the chattering of the sliding
mode controller is identified by fast switching time of
the controller. This may take %60 of the reason to
generate the chatter.

2 - The second conclusion is not only the switching
time of the controller generation the chatter, but the
magnitude value of sliding gain which takes area may
exceed 30%.

3 - Third, the proportionate relationship and choose
the parameters of sliding mode controller to play a
very important role in refining chatter. Therefore it's
necessary to balance between the selected values of
SMC, for example (the slope of the sliding line, gain
values for controlled and time constant of the
switching element).

4 - Fourth conclusion that the removing of chatter
completely and absolutely cannot be achieved in
practice, because of that chatter may be generated
from the same elements of the system itself. This is
supported by the Egs. (28, 29)

5 - The fifth conclusion that dealing with the
eliminated the chatter may lead to loss the stability,
of the system, so it is important when we want to be
reduced the chattering must be considerations the
stability, it is the basis thing for the designer.

6 - Finally, we recommend that you use the best
ways to control with modern software and
compatibility with a mathematical model of the
system to reach the best solution and the right to get
rid of this phenomenon.
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