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which is real and closest to 0, where

Abstract 3Py Ryn — Q2
Diagonal cubic Hermite-Padé approximation to the expo- a= 3P2 ’
nential function with coefficient polynomials of degree at "
most m is considered. Explicit formulas and differential b— 2Q%, — 9P Qm Ry, + 27PmS7n
equations are obtained for the coefficient polynomials. An 27P3,
exact asymptotic expression is obtained for .the error/func— 14+ B 1 Bi
tion and it is also shown that these generalized Padé-type w1 = 5 , Wy = >

approximations can be used to asymptotically minimize the

expressions on the unit disk. As an application, a class of Obviously, d;m (x) is the natural cubic generalization of

local analytical difference schemes based on diagonal cubic the main diagonal Padé approximant —Q., /Py, satisfying
Padé approximation for diffusion-convection equation with 5 —z | A 2(m+1)—1
. } P, =0
constant coefficients is proposed. m(@)e™" + Cm(@) (2 )
Keywords: Padé-type approximant; Cubic Hermite- and the diagonal quadratic Hermite-Padé approximant [7]

Padé 'approximation; Asymptotic formula; Differential ( Gm - \/m ) / 2pm) satisfying
equation

P (2)e 72" + g (2)e ™ 4 1 (2) = O(xB(m“)*l). (2)

Our primary aim is to derive the exact asymp-
totic formula for {FE,,}, the explicit formulae of
{Pn}: {Qm}, {Rm}, {Sm}, {En} and to treat some
minimization problems concerning related approximations
on the unit disk in C.

1 Introduction

The Padé approximation theory has been widely used
in problems of theoretical physics[1][3][4][5], numerical
analysis[9][10], and electrical engineering, especially in
modal analysis model[2], order reduction of multivariable
systems[6][11][13][14].

We consider approximations of e~” generated by find-
ing polynomials P,,, @,,, R, and S, so that

Exact results concerning best rational approximation
to the exponential function, particularly the Meinardus
conjecture, have attracted much attention ([8]). Theorem 4

Ep(2) := Pp(2)e 3" +Qum(x)e 2"+ Ry (2)e ™" +S, () can be viewed as a cubic version of this conjecture on the
— O A(m41)— 1) (1) disk. A linear version, due to Trefethen appeared in [15];
a quadratic version on the disk given by Borwein can be

where P, Qm, R, Sm € mp, (the vector space of all alge- found in [7].

braic polynomials of degree at most m), and P, has leading
CoefﬁCient. 1. The approx.imation of e™* is given by one of As an application, this paper proposes a class of local
the following three functions (j = 0, 1,2) analytical difference schemes based on cubic Padé approxi-
mation to e~* for the following diffusion-convection equa-
. b b\ 2 a3 tion
@) =ty -2 (2) 4 (9) :

im () = w] 2—|— (2) + 3 ou a@—kag 3)

ot dxr  Ox?
5 with the initial condition u(z,0) = ¢(x), 0 < = < 1; and
s b <b> (a)3 Qm the boundary condition u(0,¢) = «, u(1,t) = [3; where
2 3P, € >0, a+#0, a, §are all real constants.

2 3
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2 Explicit Formulae of the Polynomial Coef-

ficients
Let
i
pm(x) = m! Z ;T,
§=0
m ,
d;x?
qm () omtlm| =
m ;} i

with

Fr ()

Then ( am + V@2, — 4pm7“m> / 2py,) is the diagonal

quadratic Hermite-Padé approximant [7] to e~". Also,
Pms @m and 7., satisfy (2) and
pm(z)e o + gm()e™" + 1 (2)
2m+1 3m—+2
/ / (I—w)™
omlm!
Xe U (1 — ) M2 le T qudo. (4)
Now let
e3$3m+1 [e%s)
Py (z) := (t — ) pn(t)e 3tdt.  (5)
m! .
Then
e3rgmtl oo — " it
P, (z) = T/ (t—ax)me 3tm!Z;—!dt
m+4j—i
— |
S w3y (M
1=0 j=1
If we set
231 i, (m—i—j—z)’
then
m i
;T
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Note that P,
coefficient 1.

is a polynomial of degree m with highest

Let
2w3m+1 o
Qule) = S [ =2 a @)
_ _gmtlpy zm: bixt -
' il
=0
with

b; :Zdj2i—J<m+J_Z).
m

j=i
Then Q,,, () is a polynomial with integer coefficients.
Let

ex m—+1 e’}
R,.(z) = ?n! / (t—2)"rp (e tdt  (9)
— (—1)"3™ ! i el"f (10)
i=0

where
m+7—1
[T Cc )
= e (")
then R,,(z) is a polynomial with integer coefficients.

Define S,,, by

m+1
Sp(a) = 2 /O (t — z)met

m!
X {pm(t)e + gm(t)e ™ +rp(t)} dt,
then . .
Sl(z) =m!' > S; (11)
i=0
with

Finally, let

3m+1 x .
Elr) = ~2 / (t — 2)™e

2m+1t3m+2
TYL
 omlm! / /
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e (1
= (-

///

m 2m+1 —vwx 3m+2
'(1 - )m Y dudvdw (t = wz). (13)

Now we may establish the basic theorem.

— v)M? TVt qududt (12)
6m+1 Am—+3

m!m!m!

HL m —uvwx

Theorem 1.
B () i= Pp(2)e 34+ Qm(x)e 2 + Ry (z)e ™"+ Sy ()
= O(z4(m+D-1y,
where E,,, P, Qm, R, and S,,, are given by (12), (6), (8),

(10) and (11) respectively.
Proof By (12) and (4)

Em ()
m—+1 x
-3 / (t—z)me "
m!  Jo
Apm (e + g (t)e™" + (1)} dt
3m+1 e}
- — / (t — )" (t)e3tdt
3m+1 /Oo( )m ( ) 2td
+ t—x)"qgm(t)e” “"dt
m! /.

> m —t
+ o /w (t—x)"rm(t)e " dt

m41 oo
Rl
Apm (e + g (t)e™" +rp(t) } dt
= P(2)e 3 + Qu(x)e " 4+ Ry (x)e™ + Spu(x).
With (13), the theorem has been proved.

3 Asymptotics and Exact Minimization

We now turn to asymptotic estimate for { £,,, }. As usual,
iy ~ Jm Means i,,/j, — 1 (m — oo). Throughout this
paper the asymptotics are concerning the variable m.

In order to give the asymptotic, we need the following
lemma.

Lemma 2 [15].
1
/ (1 _ t)amtﬁme—’ytdt
0
By 1
~ € atp / (1 —t)>m™Pmde
0

)!(Bm)!
((a+ B)ym + 1)V

_8v (am
= e atB
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where o, 8 are positive numbers, aom, m are positive in-
tegers.
Now we can give the asymptotic estimates of {E,, }.

Theorem 3.

(76)m+1m! 4m+3 7%30

Em(@) ~ 31

The asymptotic is uniformly on the bounded subsets of C.
Proof From (13)

( m+1 4m+3
]_ —
(2m—|— 1)lm! / / v)”

E'uwa: 2m-+1 (1

E,.(xz) ~

m 3m+2 7wmdvdw

( )m+1 4m—+3 ”
T T Bmt2) /0 (1=w)

™
(_6)m+1m|
(4m + 3)!
(=6)" !
~ (4m + 3)! *

(Bm+2)(12m+5)
4m +3€ 2(47‘!L+3)(377‘L+1)

4m—+3 —Ew

Both of the first two asymptotics follow from the elemen-
tary relation of Lemma 2. It is easy to check directly from
(12) that E,, (z)/{(—6)" T mlatm+3e=27 /(4m 4 3)} is
uniformly bounded on a compact subsets of C. The unifor-
mity of the asymptotic now follows from Vitali’s theorem
[7].

We wish to uniformly minimize over D := {z €
Cifzl < 1),

Wi (2) 1= 8 (2)€73% + 1 (2)e 727 F U (2)e 4 v (2),

where Sy, tim, Um, Um € Ty, and s, has highest coefficient
1.
Firstly, we have
Theorem 4. For |z| =1,

3 6mtim!
Enlz+ ~ .
’ ( 2(4m+3)>‘ (4m + 3)!

Proof This follows from Theorem 2 and the observation

that
3 4m—+3 g3 B
_— ~ m 2z
<Z T oam £ 3)) = c

and the fact that for |z| = 1, |e%(%—z>| =1.
Let

)

Py(2) = P (z + 2(4,3+3)) ’

@)= (4 5y )
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Ry, (2) = R (Z + 2(4m+3)> ’

. 3
Sy (2) = Sm <z+ 2(4m+3)) .
Let || - || p denote the supremum norm on D.
Now we need the following lemma.
Lemma 5 [12] Suppose m1,me, - - -, m; are positive in-
tegers such that my +mo +---+my =nand A\; < Ay <
- < Ay are real numbers. Let f1(2), f2(2), -+, fu(2)
denote e>\1z7 Zez\lz’ e Zml_16>‘12; e)qz) 2’6>‘2z, e
gme—lerez oL ez pehiz L amu— Loz regpectively.
IF kil 4+ [hsl + o | > 0, hnema] + - +
|kn—1| + |kn] > 0, and N denotes the zero number of
function k1 fi(2) + kaf2(2) + - - - + kn fn(2) in the region
Q={z:£<Imz<n}. Then

(A —/\1)(77—5)_n+1 <N< N =A)(n=§)

—1.
2 2T tn

By this lemma, we can prove the main result of this
section.
Theorem 6. (a)

1P5.(2)e™ + Q(2)e™ + Ry (2)e™" + S;,(2)llp

6™ 1m!

~ @m+3)
(b) Let
wh =  min ||spe +tne T 4+ ume* + vnl|p,

8,t, U, VET ),

where s = 2™ + ---. Then

. 6™+ 1m!

wh o~ ——————
™ (4m+ 3)!

Proof Part (a) is just a restatement of Theorem 4. Ob-
serve that P} has leading coefficient 1.
To prove part (b) we use the fact that a nonzero expression
of the form

hi(2)e™* 4+ hy(2)e % + ha(2)e™* + ha(2),

where h1, ho, h3, hy are polynomials, the sum of whose de-
grees is k, can have at most k£ + 3 zeros in D. This is wind-
ing number argument and is proved in Lemma 5 with [ =
4,52—1, 7]21, )\1:—3, )\2:—2, )\3:—1, )\4:0
and n = k + 4. Thus

wy, > min [P (2)e™*+Qr, (2)e ™ + Ry, (2)e > 457, (2)].

jzl=1

If this were not the case we could find s,t,u,v € m, with
s having leading coefficient 1 so that, for |z| = 1

|se™3% +te™* + ue™* + v|
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<|Pre 3 4+ Qf e 4+ Rie * 4+ S7).

By Rouché’s theorem this would imply that

(s— P2)e ™ 4 (t = QG )e ™ + (u—R5)e ™ + (v - S5)
(14)
has at least 4m + 3 zeros in D. However, since s — Py, has
degree at most m — 1, the sum of the degrees of the coeffi-
cients in (14) is at most 4m — 1, and we have contradicted
the above result from Lemma 5.
We note that

3 6m+1m!
2

Pm —3z m —2z Rm —z Sm ~
1Pme™ 4 Qe+ Rme™ + Smllp ~ o2 =gy

and so, up to a small constant, the cubic Hermite-Padé ap-
proximant is optimal in the sense of Theorem 6. The trick
of shifting the center of the approximation to make the er-
ror curve have asymptotically constant norm on D is due
to Braess [8] who used it to get the right constant in the
Meinardus’ conjecture.

It is easy to show that the coefficient polynomials of the
diagonal cubic Hermite-Padé approximant are linked by the
following fourth-order differential equations.

Theorem 7.

(a) —6mP,_1(z) = P, —6P, +11P, —6P,.
(b) —6mQm-1(z) = Qp —2Qu — Qu, +2Q,,.
(¢) —6mRy,_1(z) = R, +2R, — R, —2R, .
(d) —6mSp_1(z) = S, 465, +115., +6S,,.

4 Local analytical difference schemes based
on cubic Padé approximation

In order to investigate the application of the diagonal
cubic Padé approximation to e~*, we discuss the problem
(1.6).

We rewrite the above equation (1.6) as

auyg + Uy, = C. (15)

In the case that c is a constant, we get the solution of (15)
after integration:

c a
u=c1e™ +cy+ —x, = ——.
a €
After discretization, we have
w = ditl + eMu;_y n ch(e’\h -1
' 14 erh a(l + e’
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where h = % is the common step width. Therefore

a(uipr — (1 +e*)u; + eMu;_q)

= h(1 — e ) ’

i=1,2...,N—1.

dui

Now letting ¢ = g%, we have
U — _Au+b
dt J
{ u(0) = &, (16)

where

u= (u17u27 ~-~7’U’N—1)Ta

b aceM 0 0 af r

o R(1 —e )™ 777777 p(1 — erh) ’
b= (¢(x1), ¢(x2), ..., p(wn—1))" are all (N — 1)-
dimensional column vectors,

a

A= h(1 — e

1+eM -1 0 0
_e)\h 1 +€Ah -1
1 +6Ah 0

: ", . .. -1
0 0 e —eM 14 et
isan (N — 1) x (IV — 1) tridiagonal matrix.

So the solution of problem (16) is

u(t) = e 44(®— A 'b) + A 'b, (17)
where e =4t = Y L(—At)".

n=0

Equivalently, (17) can be written as the following forms:

u(t + j7) = e 4 {u(t) - A"'b}+A7b (j =1,2,3),

(18)
where 7 > 0 is the increment.
Denoting
Tm - ) m - )
- Sm(x)
e
we have
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Replacing e 347 in (18) with T,,(Ar)e 24" +

U (AT)e™ A7 + V,, (A7), we get a class of 3-step lo-
cal analytical difference schemes based on diagonal cubic
Padé approximation:

w(t+37) = T (Ar)u(t+27)

+Un(AT)u(t + 7) + Vi (Ar)u(t)
H{I — T (AT) = Up (A7) = Vi (AT)}A7 b, (19)

According to (19), we can list three simple schemes as
follows:

Scheme 1. m =0, P, = 1, Q, = -3, Ry, =

u(t + 37) = 3u(t +27) — 3u(t + 7) + u(¢).

Scheme 2. m =1,

11
Pm=$+§7 Qm =9(x+1),

11

R, =9(x — 1), szaf—?;

u(t +37) = <1311 + TA) - { — (T + rA)u(t +27)

HO(T — TA)u(t+7) + (1311 _ m) u(t) + 2oTb} :
where [ is the (N — 1) x (N — 1) unit matrix.
Scheme 3. m = 2,
P, =x*+1lz+ %, Qm = 27(2* + 32 +9),

103
R, = —27(2* =32 +9), S,, = 2% — 11z + 5

1 —1
u(t+37) = (;)3] +117A + TQAQ)
{27(91 +37A + 72 A?)u(t + 27)

—27(91 — 3rA+ 72 A*)u(t + 1)

+(%1 — 1174+ 724)u(t) - 1407b |
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