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Abstract—This paper deals with the uniqueness and sta-
bility problem for uncertain bidirectional associative memory
(BAM) neural networks with time-varying delays. Based on
the Lyapunov-Krasovskii functional approach and free-weighting
matrices method, new delay-dependent stability criteria with two
classes of system uncertainties are presented in terms of linear
matrix inequalities (LMIs). By using the Jensen integral inequal-
ity, the obtained results are less conservative than some previous
ones. Four examples are given to illustrate the effectiveness of
our proposed conditions.

Index Terms—Global robust exponential stability; globally
exponential stability; linear matrix inequality(LLMI); bidirectional
associative memory (BAM) neural networks; Jensen integral
inequality

I. INTRODUCTION

In the most recent two decades, neural networks have been
extensively studied in many aspects and successfully applied
to many fields such as pattern identifying, voice recognizing,
system controlling, signal processing systems, static image
treatment, and solving nonlinear algebraic equations, etc. As
one of the most important neural networks, bidirectional asso-
ciative memory (BAM) neural networks generalized the single-
layer autoassociative Hebbian correlator to a two-layer pattern-
matched heteroassociative circuits(see [9], [10]). In hardware
implementation of neural networks, time delays are inevitably
present due to the finite switching speeds of the amplifiers. It
is well known that time delays not only deteriorate dynamical
performance such as the boundary of the basin of attraction of
the stable equilibria but also affect the stability of a network
creating oscillatory and unstable characteristics. Hence, it is
of primary importance to investigate the stability of delayed
neural networks. There exist some results of stability for
delayed neural networks, see, for example, [2]-[5], [7], [11],
[14], [15], [17], [18].

On the other hand, in the design and hardware implementa-
tion of neural networks, however, a common problem is that
parameters acquired in neural networks are inaccurate due to
the tolerances of electronic components employed in the de-
sign. This fact implies that a good neural network should have
certain robustness which paves the way for introducing the
theory of interval matrices and interval dynamics to investigate
the global stability of interval neural networks. Therefore the
robust stability of the neural networks have been extensively
investigated, e.g., [11], [14]-[17], [23]-[26]. By using the
well known mean value inequality, Cao et al [3] derived
exponential stability conditions of BAM neural networks with
constant delays; Based on the Lyapunov-Krasovskii functional
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in combination with linear matrix inequality approach, Huang
et al. [7] proposed exponential stability results of BAM neural
networks with constant and varying delays; By means of linear
matrix inequality technique, Wang and Zhang et al. [17],
[18] presented asymptotic and exponential stability results of
BAM neural networks with constant delays; From the Jensen
integral inequality, Gau et al. [5] obtained the uniqueness
and robust exponential stability conditions of delayed BAM
neural networks with uncertainties also in terms of LMIs; By
constructing a novel Lyapunov functional, Sheng [15] estab-
lished robust exponential stability criteria of delayed BAM
neural networks with uncertainties also by means of LMIs;
Based on an inequality and free-weighting matrix method,
Park et al. [12] achieved a robust stability criterion for delayed
BAM systems; By using the Jensen integral inequality and
introducing some free-weighting matrices, Park et al. [13]
recently brought out an exponential stability condition for
BAM systems with time varying delays. But in order to
become sufficient conditions, the Theorems in [12], [13] need
to be revised.

Motivated by the preceding discussions, the aim of this
paper is to study the global robust exponential stability for
delayed BAM neural networks with the norm-bounded uncer-
tainty. By constructing a new type of Lyapunov functional
and adopting the idea of introducing additional free-weighting
matrices [8], [27], we derive several new sufficient conditions
for the global exponential stability of delayed BAM neural
networks with two classes of system uncertainties. The derived
conditions are expressed in terms of linear matrix inequalities,
which can be checked numerically very efficiently via the LMI
toolbox. Some comparisons between the obtained results in
this paper and previous results are made and four examples
are used to illustrate the effectiveness of the obtained results.

The rest of this paper is organized as follows. In Section 2,
problem formulation and preliminaries are given. In Section
3, the new delay-dependent exponential stability conditions
are established. In Section 4, the new stability conditions are
extended to neural networks with norm-bounded uncertainties.
Section 5 points out the mistakes of [12], [13] and provides
four illustrative examples. Finally, some conclusions are drawn
in Section 6.
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II. PROBLEM DESCRIPTION

Considering the following BAM neural networks with time-
varying delays:
{ @(t) = = Az (t) + Bif(y(t) + Cif (y(t — 7(1))) + 1,
(1) = =Agy(t) + Bag(a(t)) + Cag(a(t — o(t))) + J2,
ey

where x(t) = (21(t),22(t),...,2,(t))T and y(t) =
(y1(t),y2(t), ..., ym(t))T are the neural state vectors, Ji, Jo
are the constant external input vectors. A; = A; + AA; (),
Bl = Bl + ABl(t)7 él = Cl + ACl(t), AQ = A2 +
AAQ(t), BQ = By + ABQ(t), 62 = (Cy + ACQ(t) A =
diag{ai1, a12,...,a1,} and Ay = diag{as1, ass, ..., agm } are
positive diagonal matrices, B1 = (b1ij)nxm: C1 = (¢1ij)nxm,
By = (b2ij)mxn, Co (c2ij)mxn are known constant
matrices, AA;(t), AB(t), AC;(t), AAs(t), ABs(t), ACs(¥)
are parametric uncertainties, 0 < 7(¢t) < 7, 0 < o(t) < 7
are the time-varying delays, where 7, & are positive constants.
F@(®) = (A1 (1), Foly2®)s o frn (D) 3l(t)) =
(G1(21(2)), §2(22(1)), ..., Gn(xn(t)))T denote the neural acti-
vation functions. It is assumed that f;(y;(t)), §;(z;(t)) are
bounded and there exist constants [1;, 2, 35, l4; such that

L < fi(s1) = fi(s2)

S l?i? (2)
S1 — S2
lgjgwgl% 3)
S1 — S2

for any s1,s50 € R,s1 # 52, t =1,2,...,m;5 =1,2,....,n.
Moreover, we assume that the initial condition of system
(1) has the form

z;(t) = ¢ (1), vi(t) = wi(?),

where ¢;(t), p;(t)(i=1,2,...
ous functions.

From the well-known Brouwer’s fixed point theorem, sys-
tem (1) always has an equilibrium point (x*, y*).

Throughout this paper, let ||y|| denotes the Euclidean norm
of avectory € R™, WT, W= X\pr (W), A\ (W) and ||W|| =
VA (WTW) denote the transpose, the inverse, the largest
eigenvalue, the smallest eigenvalue, and the spectral norm of
a square matrix W, respectively. Let W > 0(< 0) denote
a positive (negative) definite symmetric matrix, / denote an
identity matrix with compatible dimension.

In order to prove the robust stability of the equilibrium point
(z*,y*) of system (1), we will first simplify system (1) as
follows. Let u(-) = z(-) — z*, v(-) = y(-) — y*, then we have

{ u(t) = —Aru(t) + Bif(v(t) + Crf (v(t — 7(1))),
(t) = —Agu(t) + Bag(u(t)) + Cag(u(t — o(t))),

where fi(vi(t)) = fi(vi(t) + y7) — fi(y]), g;(u;(t)) =
1,2,...,m; § = 1,2,...,n. By assumptions (2) and (3), we
can see that

t € [-max{a,7},0]

,m;j =1,2,...,n) are continu-

“4)

L

fi(s1) — fi(s2)

l; < <oy, o)
S1 — S2

by < 9i(51) — 9i(52) _ L. ©)
§1 — S2
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The definition of exponential stability is now given.

Definition 1( [19]) The system (4) is said to be globally
exponentially stable if there exist constants k¥ > 0 and M > 1
such that

lu@®I + Jo@®)] < M {I[u(@)I], [lv(@)[[}e*",

sup
—max{5,7}<60<0
where k is called the exponential convergence rate.

Clearly, the equilibrium point of system (1) is robust stable
if and only if the zero solution of system (4) is robust stable.

Consider the following two classes of time-varying uncer-
tain matrices defined by:

Assumption 1

[AA;(t), AB1(t),AC(t)] = HoEo(t)[G1, G2, Gs],
[AA2(t), ABa(t),ACy(t)] = H1E1()[G4, G5,Ge], (7)

where Hy, Hy,G;(i = 1,...,6) are known real constant ma-
trices with appropriate dimensions. Ey(t), E1(t) are unknown
time-varying matrices satisfying

E§ () Eo(t) < I, Ef ()Ew(t) < I. (8)
Assumption 2

[AAL (D] < p1, JAB1(#)]] < p2, [[ACI({#)]] < ps,
[[AA(L)|| < pa, [|AB2(t)]| < ps, [[AC2()]| < ps.  (9)

In order to obtain the results, we need the following lemmas.

Lemma 1 (see [6]) For any positive symmetric constant
matrix M € R"™*", scalars 1 < ro and vector function w :
[r1,72] — R™ such that the integrations concerned are well
defined, then

(o) ([

<(rg —ry) /T2 wT'(s)Mw(s)ds.

T1

Lemma 2 (see [1], [22]) Let X,Y and P be real matrices
of appropriate dimensions with P > 0. Then for any positive
scalar ¢ the following matrix inequality holds:

XTYy + VTX <& ' XTP X + YT PY.

III. UNIQUENESS AND GLOBALLY EXPONENTIAL
STABILITY RESULT OF NEURAL NETWORKS

First, we will present the exponential stability results for
system (4) without uncertainties, that is

{ u(t) = —Ayu(t) + Bif(u(t)) + Cof (v(t — 7(1))),
0(t) = —Az0(t) + Bag(u(t)) + Cag(u(t — o(t))).
(10)

Theorem 1. Under the assumptions (2),(3) and 0 < 7(t) <
F0<o(t)<a, 0<it)<m <1, 0<6(t) <m <1,
given a constant k > 0, suppose that there exist positive
definite symmetric matrices P = [P;jlax2, Q = [Qijl2x2,
nonnegative definite symmetric matrices R = [R;j]sx3, S =
[Sijlaxs, Z = [Zijlaxs, W = [Wijlaxs, Ui(i = 1,...,6),
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positive diagonal matrices T;(i = 1,2,3,4), real matrices Q6,10 = —6_2“5;3, Q6,11 = Cl R23,
X=X X 0,Y=[0YT o], M=[M; My 0], Q77 = 2kQ11 — (Q11 + S13) Az — As(Qu1 + Si3) + S
N =[0 N; Ny | with compatible dimensions such that the U =270 M+ MT 4+ AW 3T, L
following LMIs hold: TlUs—e 6+ i_ 1 TWn =201l Lo,
Qrs = (2kI — A2)Qu2 + e FTUs — M + My + 7W1a,
Qrg = TWi3, Q710 = Q12,
Q711 = (Qu1 + S13)B2, Q712 = (Q11 + 513)Ca,
Qs = 2kQaz — (1 —m1)e 2781y — 272U — My
; — M + Ny + N{ 4+ 7Way — 2L, T5 Lo,

— Z X7 3
-t [ X ey, | =0, D Qg = e 27Us — NT + No + 7 W,
T 1 Q _ _ 72k7"S
=, - [ }Z/ 73;5(] >0, (12) 8,10 Q2T2 e 13 )
e 2 | Q511 = Q12B2, Q512 = Q15,0%,
T 7 —okr ok _
= = [ A S (13) Qoo = —e Uy — 70 = Np = Ny + 7 Wi,
- NT 5 Q10,10 = —e T SL. Q111 = Rop — 275,
B4 = [ N -2k, >0, (14)  Quo12 = —(1 — n2)e %7 Ryy — 2Ty,
O ATE AT ] Fiy = Ry3 + 06Uy + 0°Us,  Fy = S35+ 7Us + 7°Us,
A —F 0 <0, asy Ai=[-4 000 B C; 0 00 0 0 0],
RA 0 —F A=[000 0 0 0 —A42 00 0 By Col,
L; = diag{li1, L2, ..., lin}, 1=1,2,3,4,
and other parameters §;;(i < j) are all equal to zero’s, then
the equilibrium point of system (10) is unique and exponential
stable.
" Proof. Firstly, we show the uniqueness of the equilibrium
where point by contradiction. To end this, let (%, ) be the equilib-
rium point of the delayed BAM neural network (10), then we
have
—A1a+ (B1+ Ch) f(0) =0,
— Ag’f} + (B2 + Cg)g(ﬂ) =0.
Q=[5 |iax12> Now suppose (4, 0) # 0. It is easy to see that

Q41 = 2kPyy — (Piy + Ri3)A; — Ay(Piy + RE) + Ry
+ U — e Uz + Xy + X{ + 6211 — 2L3T5 Ly,

Qo = (2kI — A))Pig + e 2*Us — X{ + Xo + 5712, 206

M3 =0Z13, Qs = Pra,

W5 = (P11 + Ri3)B1, e = (P11 + Ri3)Cy,

Qi1 = Ri2 — AiR; + (Ls + La)T3,

2[a” (P11 + Pl + Riz) + g" (@) Ros)

x {—A1a+ (B1 +C1)f(0)} =0,
T(Qui + Qs + Si3) + f7(0)Sa]

x {—A30 + (Bz + Ca)g(1)} = 0.

By inequalities (5) and (6), we get

Qoo = 2kPos — (1 — 7]2)67%5}311 — 2%, — X, _Q@TLl(Tl +T2) Lo + %T(Tl +T2)(Ly + L2)£(9)
T N
— XTI 4+ Yy + Y + 6259 — 2L3Ty Ly, ., ) —2f7 (0)(Ty + T2) f(2) = 0,
Qo3 = 672k6U3 _ leT +Ya + 673, —2u L3(T3 + T4)L412 + 2u (T3 + T4)(L3 + L4)g(ﬂ)
Qo4 = Pay — e 2 Ry3, —2¢" (@)(Ts + Ta)g (1) > 0

Qo5 = PLB1, Qo = PLCY, Note that £ > 0,P > 0,Q >0,R >0,S>0,Z>0,W >
Qo 10 = —(1 = mo)e 25 Ry + (Ly + L) Ty 0,0 <m < 1(¢ = 1,2),7 > 0,6 > 0, thus the following

_ _ inequalities hold.
Qg3 = —e 27U, — e U5 — Yo — Y + 6233,

~ 1T ~ ~ 1T ~
Qua = —e " Rg3, Q12 =—e 2" RL, 2k [ Z } P[ Z ] >0, 2k [ g } Q [ g } >0,
Qs5 = Sao — 2T, Q57 = Sfy — SazAs + (L1 + Lo)T1, - .
Q5,10 = C3 S35, Q11 = B Rl + Sa3Bo [1—(1—ng)e ?*] o RlTl o v >0,
7 7 7 —2k7 7 g(a) Riy R gla) | =
Q5,12 = S23C2,  Qge = —(1 —n1)e” "7 Say — 27T, o 177 S S 5
_ —2k7 T (1 _ —2kT 11 P12
Qos = —(1 = m)e” Sy + (L1 + L2)T3, (1= (1 =m)e ] [ £() } [ ST, Soy } [ f(%) } 20,
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(1—e)a"ta >0, (1—e 2)o"Usd >0,
glat at Al ]z|ar
Lol o7 T Jw[of oF

Furthermore, it is easy to see that the following equations
hold.

[a7 o aT Jo[af af af " =o,
[T o7 T Jw[oT o oF |7 =0,
where
= ]3><37 U= }3><37
(13112)(14—)(,{7 @12:—X,1T+X2a (1)13207
Doy = — X5 — X2T +Y + YIT,
Poy3 = *YlT + Y2; P33 = —Ys — Y2Ta
Uy, = M, +M1T, \1112:—M1T+M27 U3 =0,
W9o = —Mo — M3 + Ny + N,
Pog = —NlT + N, W33 =—Ny— NQTa
All these equations and inequalities together gives
T
19[ Qij }12><1219 20, (16)

where

d=1[at at a0 f1() f(0) o 0" o 0 g"(a) g" (@),

On the other hand, one can infer from inequality (15) that
Q) < 0. Obviously, this contradicts with (16). The contradiction
©) = 0. That is, the origin of the delayed
recurrent neural networks (10) is the unique equilibrium point.

Next, we show the unique equilibrium point of (4) is ex-
ponential stable. Consider the following Lyapunov-Krasovskii

implies that (4,

functional:
4
V(u(®) = > Vi(u(®)) (17)
with
Vi(u(t)) =e***a’ (t) Pa(t) + e 67 (1)QB(1),

Va(u(t)) = / L ORI
K ers T s s)ds
+t/”“> 57 (5)56(s)d
Va(u(t)) :/ 25y T (5) Uy u(s)dsdd

/ / 2ks
—a Jt+6

Va(u(t)) :/t; Zksy T (5)Uyv(s)dsdd

V(Us + aUs)u(s)dsdd,

0 t
+ / k5T (s)(Us + 7Us )(s)dsdb,
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For convenience, we denote u, = u(t — o(t)), v, =

v(t — 7(t)). The time derivative of functional (17) along the
trajectories of system (10) is obtained as follows:

Vi(u(t)) :e2kt{2kaT(t)Poz(t) + 2aT (t)Pa(t)
+2k67()QB() + 267 (HQB(1) },
Va(u(t)) =e* {y" (1) Ry(t) + &7 (£)S6(t)

o(t))Ry(t = a(t))
£))S6(t — 7(t))},
)Ulu(t—(_f)

— (L= a(®)e (1~
— (1 —#(t)e T (¢t — 1

V(utt) :e%t{uT(t)Ul“(t) 2’”uTEt
+au” (t)(Us + aUs)i(t)
- /ttg 04T (5)(U + 0Us )i(s)ds |
Va(u(t)) =2 {o” (U () — 2707 (t = 7)Uyo(t - 7)
+ 70T () (Us + 7Us)i(t)
_ /ttr =0T (5)(Us + fUa)iJ(s)ds},

It is clear that the following equations are true:

(s)(Ua + aUs)u(s)ds

t
t—o

:/t (t) Wl (s)(Uz + oUs)i(s)ds

t—o(t)
+ / u® (s)(Uz + aUs)u(s)ds, (18)
t

—0

/_7 T (8)(Us + 7Us)i(s)ds
- / PO+ Ui

t—7(t)
+ / o7 (s)(Us + 7Ug)i(s)ds. (19)
t—7
By using the Jensen integral inequality (Lemma 1), we obtain
t
- / u” (s)Usti(s)ds
t—o(t)
1 /t . T /t .
< — —— u(s)ds) U u(s)ds
o(t) ( t—o(t) (=) ) ° t—o(t) (=)
1
< - g[u(t) — uy P Us[u(t) — us), (20)

(s)Ustu(s)ds

t—o(t)
_ / ol
t—o

1 t=o(t) T t—o(t)
< - ey (/t_ﬁ u(s)ds) Us /t_a u(s)ds
< o — ult ) Uy —ult — 7)) e
_ / T (5)Us(5)ds
t—7(t)

t T t
< - 7_(1t)(/t_7(t) i)(s)ds> Us /t_T(t) 0(s)ds
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<— %[v(t) — o Usfo(t) — vr], 22)
t—7(t)
_ /t () Uis)ds
1 t—7(t) . T t—7(t) '
< - 0 (/tiF v(s)ds) Us /tiF 0(s)ds
<- ;[UT — ot — P Uslvs — vt — 7). (23)

On the other hand, based on Leibniz-Newton formula, for
any real matrix X;,Y;, M;, N;(¢ = 1,2) with compatible
dimensions, we get

2kt{

t
x {u(t) —uy —/ u(s)ds}7 (24)
t—o(t)
0= Zert{uleT +u(t—0)Yy }
t—o(t)
X {ua —u(t —5) —/ u(s)ds}, (25)
t—5
2eF Lo () M + UTTMQT}
t
) — v, — 5(s)ds b, 26
X {v( )—w /t_T(t) 0(s) s} (26)
0= 262’”{UZN1T + ot (t - %)NQT}
t—7(t)
x {UT — ot —7) 7/ z’;(s)ds}. 27)
t—7

Further, one can infer from inequalities (5),(6) that the follow-
ing matrix inequalities hold for any positive diagonal matrices
T;(i = 1,2,3,4) with compatible dimensions

0<- 262’“{v () LTy Lyw(t) + 7 (w(t)T1f (v(1))
o () Ty (L1 + La) f(v(t)) }, (28)
0<— ze%t{vf LoToLyvr 4 f1(v)Taf(vs)
— oI Ty(Ly + La) f(v,)}, (29)
0 < — 2™ {u” () LaTs Lsu(t) + g" (u(t)) Tsg(u(t))
u" () T5(Ls + La)g(u(t)) }, (30)
0<— Zezkt{uZL4T4L3ug + g7 (ug) Tug(uy)
—ulTy(Ls + L1)g(us) }. (31)

Moreover, for any real symmetric matrices Z, W with com-
patible dimensions, we have

0 = [ (1) Z(t) - /tta(t)fiT(t)Z/@(t)ds

/t t :(t Zr(t)ds . (32)

2kt{ e _/tT(t) wT () Wuw(t)ds

/ We(t)ds }, (33)
where K)T(t = @Wr'@),ul 't — 7)), w'({t) =

(0T (t),vf o7 (t = 7))

s Yro
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From (17)-(33), we obtain
V(u(t) <e® {7 (0@ + AT P+ AT Paa)C(1)

t

\

pT(t,5)E1p(t, s)ds
t—o(t)

t—o(t) T
P (t75)52p(t75)d5

\
F\@\a\

t
/LT(tﬂ S)E&L"(tv S)ds

—7(t)

t—7(t)

- o MT(t,S)E4M(t, S)d5}7
where
¢ty = uT(t), ug, 't —a), (1=a(t)a’ (t—o(t)),
fr®), 1), v7(#), vf, o (t = 7),
(1 —=7(@)a" (t—7(), 9" (w(®), 9" (us) ],
p" () =[x" (1), a" (s)], " (t,s) = [W"(1),57(5))].

From the well known Schur complement, inequality
Q+ AT A + AT <0,

is equivalent to (15), thus V(u(t)) < 0 holds if (11-15) are
true.

Furthermore, following the similar line in [26], [27], from
Lemma 2 we have

V(u(0)) <Mlp(t) — 2*[|* + Mo |o(t) — y7II%,

where
My =4y (P) + 36 (R) (14 oF + 3\ (A] A1)

+ 262((>\M(U2) 1+ oAn(Us))) A (AT Ay)

+0‘)\M(U1)+ 20’ f()\M(BgBQ)—i-)\]w(CQ CQ))
x (6A01(S) + 7An (Us) + 72 A (Us))),
Mo :4>\M(Q)+3T)\M( )(1+J2 +3)\M(A2 AQ))

+ gTQ(O\M(Ug,) + 7Am (Us))) Anr (AT As)

IS AR gagﬁ(AM(BlTBl) L an(Cren)
X (6)\M(R) =+ 5’)\1\/[(U2) + 5’2)\M(U3))),

and
o1 = 121%Xn{|l3i|, |lai|}, o2 = 121?5)(71{“”" |l2i]}-
Meanwhile
V(u(t)) = e (Am(Pro)]|6(t) — 2*|]> + A (Q11)

x |lo(t) — y*[|?)
ezkt min{)\m(PH), )‘m(Qll)}
x (ll6(t) — | + llo(t) — y*11)*,

by Lyapunov stability theory, the proof of Theorem 1 is
completed.

1
-2
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Remark 1. One can notice that the augmented Lyapunov
functional approach of this paper is quite different from
previous ones. New terms e**u”(t — o(t)) Poou(t — o(t))
and 20T (t — 7(1))Q22v(t — 7(t)) are used to augment the
Lyapunov functional, whose derivatives are directly coupled
with the retarded systems. Therefore, the augmented Lyapunov
functional can lead to an reduce in the conservativeness of the
results, which will be illustrated by four examples.

Remark 2. It should be pointed out that the conditions
of the Theorems in [12], [13] need to be revised. In the
proofs of Theorems in [12], [13], one same key step is the
following proposition (see inequality (13) in Page 440 of [12]
and inequality (15) in Page 1088 of [13]):

Proposition. Let Ls = —L4. The following inequality holds
for any given Ly > 0, positive definite matrices Z:

9" () Zg(y(t)) < y" (t)LaZ Lay(t).

Unfortunately, the above proposition is not valid in general,

this fact can be illustrated by the following example:
Example 3.1. Obviously g1(s) = g2(s) = 3(|]s+1]|—|s—1|)

satisfy conditions (3) with Ly = I. Set y*'(t) = [1 —2], then

g% (y(t)) =[1 - 1]. Further set Z = [ g 1

(34)

, we have

g (1) Zg(y(t)) =3 > 2 =y" (t)LaZLay(2),

i.e. inequality (34) is false.

Based on above analysis, the LMIs of the Theorems in [12],
[13] may not be sufficient conditions assumed that Z is a
positive definite matrix. In fact, if Z is revised to be a positive
scalar matrix, then the above proposition and the Theorems in
[12], [13] are still valid.

Remark 3. If any of o(¢), 7(t) are not differentiable or any
of &(t),7(t) are unknown, by setting P = Q2 = 0(1 =
1,2), R = S = 0 in functional (17), following the similar line
in Theorem 1 we can obtain a stability criterion similar to
LMIs (11-15).

Remark 4. In terms of LMIs, Theorem 1 and Remark
3 provide a sufficient condition for the global exponential
stability of the delayed BAM neural network in (10). One of
the advantages of the LMI approach is that the LMI condition
can be checked numerically very efficiently by using the
interior-point algorithms, which have been developed recently
in solving LMIs [1].

IV. ROBUST EXPONENTIAL STABILITY RESULTS OF
UNCERTAIN DELAYED NEURAL NETWORK

Now, based on Lemma 2 we investigate the robust ex-
ponential stability problem for system (4) with uncertainties
satisfying Assumption 1. Firstly, by using functional (17) in
Theorem 1, we can easily obtain the following result.

Theorem 2. Under the assumptions (2),(3),(7),(8) and 0 <
Tt) <7, 0<0()<a, 0<7(t)<m <1 0<4a(t) <
12 < 1, given a constant k > 0, suppose that there exist pos-
itive scalars €q, €1, positive definite symmetric matrices P, Q,
nonnegative definite symmetric matrices R, S, Z,W,U;(i =
1,...,6), positive diagonal matrices T;(i = 1,2,3,4), real
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matrices X;,Y;, M;, N;(i = 1,2) with compatible dimensions
such that LMIs (11-14) and the following LMI hold:

QO+0 ATH Ang TgHo T?H1
A —F 0 FRH, 0
F2A2 0 —Fy 0 FyH; <0, 35)
HgTO HgFl 0 —E()I 0
HIITT1 0 H1TF2 0 —81]
where

©=c)[-G, 000Gy G3 00000 0]
[-G1 000 Gy G3 00000 0]
+e[000000 —G4 000 Gs Gg”
[000000 —G4 000 Gs Gs |,

To=[Pu+R P, 00000000 RL 0],

Ti=[0000SL 0 Qi+5% Q2000 0],

and other parameters are all defined in Theorem 1, then the
equilibrium point of system (4) is robust exponential stable.

Remark 5. Similar to Remark 3, if any of o(t),7(t) are
not differentiable or any of &(t),7(¢) are unknown, by setting
Py = Qp =006 =1,2),R =S = 0 in functional (17),
following the similar line in Theorem 2 we can obtain a
stability criterion similar to LMIs (35).

Next, we deal with the robust stability for system (4) with
uncertainties satisfying Assumption 2.

Theorem 3. Under the assumptions (2),(3),(9) and 0 <
Tt) <7, 0< o(t) <a, 0<71t) <m <1 0<
a(t) < my < 1, given a constant k > 0, suppose that
there exist positive scalars €¢;(i = 1,...,6), positive definite
symmetric matrices P,Q), nonnegative definite symmetric ma-
trices R, S, Z,W,U,;(i = 1, ...,6), positive diagonal matrices
T,(i = 1,2,3,4), real matrices X;,Y;, M;,N;(i = 1,2)
with compatible dimensions such that LMIs (11-14) and the
following LMI hold:

Q+T ATH AJF, 1
Ba 0 m A <0 69
g Fr FF  —A
where
I'=[Tyj liaxiz, IT=[1I ]i2xe,
Iy =epi, Tss=eps, T =esp3
D77 =espi, Tiian = espz, Tia1o = esps,
Iy = —P11 — Ryz, e =13 = P11 + Ras,
o1 = =Py, Tlay = Ilag = P,
54 = —Sa3, Il55 = Il56 = Sas,
74 = —Q11 — S13, Uzs = lzg = Q11 + S13,
gy = —Qfy, Ilgs =1Ilgs = Qf5,
IIi11 = —Ra3, Iliip =1I11,3 = Ros,
Fi=|-F F, F, 00 0],
F=[000 —F F B,
A =diag{—eI, —esl, —e3l, —e4, —e5I, —€gl},
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other parameters I1;;(i = 1,...,12; j = 1, ...,6) are all equal
to zero’s and other parameters are all defined in Theorem 1,
then the equilibrium point of system (4) is robust exponential
stable.

Proof. From (9), we have

Ar(AAT(DAAL(1) < pr, Ar(ABT(ABL(1) < po,
Mr(ACT ()ACH(1) < p3, Am(AAZ (H)AA2(t)) < pa,
Mr(ABE () ABy(1)) < ps. Au(ACT (NACH(1) < p.
Therefore, the following inequalities hold for any positive
scalars €;(i = 1,...,6).
0< 61{p (t)u(t) —
0 < e2{p3f" (v(t) f(v(t)) —
x ABy(t)f(v(t))},
0 < es{p3f" (vr)f(vr) = [T (0r)ACT ()ACH(E) f(vr)},
0 < ea{pio” (u(t) —v" (HAAF (1) AAs(t)o(t)},
0 < es{pag” (u(t)g(u(t)) — g" (u(t))AB; (t)
x ABs(t)g(u(t))},
0 < es{pg” (ua)g(us) — 9" (ue) ACT () AC:(t)g(us) }-

By using functional (17) and following the same lines as in
Theorem 1,we have

ul () AAT (1) AA (Bu(t) ],
fT(w()ABY (1)

V(u(t) <e® {7 () (Q+T + AT FiAs + AT FoAp)€(1)

t

\

ol (t,8)Z1p(t, s)ds
t—o(t)

t—o(t)

pT(t, s)Eap(t, s)ds

' (t, 5)Esp(t, s)ds
t—7(t)

t—7(t)
- / 't (t, 8)Eap
t—7
T

() =[ (1), (A ()", (ABL)fu()",
(ACY (1) f(v:))", (AAs(t)o(t)",
(t

(ABy(t)g(u(t))”, (ACs(t)g(us))" ].

From the well known Schur complement, we can easily
obtain Theorem 3.

Remark 6. Similar to Remark 3, if any of o(t),7(¢) are
not differentiable or any of 5 (t), 7(¢) are unknown, by setting
Py = Qp =006 =1,2),R =S = 0 in functional (17),
following the similar line in Theorem 3 we can obtain a
stability criterion similar to LMIs (36).

(t, s)ds},

V. COMPARISON AND ILLUSTRATIVE EXAMPLES

Next, we provide four numerical examples to demonstrate
the effectiveness and less conservativeness of our delay-
dependent stability criteria over some recent results in the
literature.
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Table I Calculated maximal upper bounds of time delays &, 7 for various
11,12 of Example 5.1 with £ = 0.3

71 =12 0.5 0.7 0.9 unknown 71, 72
[7], [15] 0.7755  — — —

[5] 1.2071  1.0378 0.9200 0.9162
Theorem 1 1.6789 1.6763 1.6761 —

Remark 3 — — — 1.6742

Example 5.1. Consider system (10) with

Ay =1,Ay =2[,B; = By = 0,
[ 0.05 0.25 0.05 ]
Ci=| 01 005 015 |,
| 0.15 0.15 0.05 |
[ 0.75 0.75 0.95 ]
Co=1] 0 05 015 |,
| 0.15 0.15 0.05 |
Ly=Ly=0,Ly =Ly =1

This model was studied in [13]. For this system, it is verified
that the results given in [2], [3] fail to ascertain the stability
for any time delay.

Furthermore, if we set exponential convergence rate k be
fixed as 0.3, none of the criteria of [4], [17] can guarantee the
stability for any time delay with 7(¢) # 0 or &(¢) # 0. Set
m =n2 > 1, all of the criteria given in [7], [15] fail to verify
the stability for any time delay, the allowable time delay upper
bound obtained by Gau et al. [5] is 0.9162, while our method
shows that the system is exponentially stable for any time
delay with 7(¢) < 1.6742,0(¢) < 1.6742. This is much larger
than the one of [5], which shows the less conservativeness of
our developed method. The maximal upper bounds of time
delays o, 7 for various 11,7 from Theorem 1 and Remark
3 in this paper and those in [5], [7], [15] are listed in Table
I, where “—” means that the result is not applicable to the
corresponding case, and “unknown 71,72” means that 7,7
can be arbitrary value or 7(¢), o (t) can be not differentiable. It
is clear that the results in this paper are markedly better than
those in [2]-[5], [7], [15], [17].

Example 5.2. Consider system (10) with

Ay =1,Ay =4I, B, = By = 0,
[ 0.05 0.10 0.15 ]
Ci=1025 005 015 |,
| 0.05 0.15 0.05 |
(075 0 0.5 ]
Cy=| 075 050 0.95 |,
| 0.95 075 0.95 |
Li=IL3=0Ly=1L4=1.

This model was studied in [5], [7]. For this system, it
is verified in [7] that the results given in [2], [3] fail to
ascertain the stability for any time delay. Furthermore, if we
set exponential convergence rate k be fixed as 0.35, none of
the criteria of [4], [17] can guarantee the stability for any
time delay with 7(t) # 0 or 6(t) # 0. Set 51 = 12 > 1,
all of the criteria given in [7], [15] fail to verify the stability
for any time delay, the upper bound of allowable time delay
obtained by Gau et al. [5] is 0.5110, while our method shows
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Table II Calculated maximal upper bounds of time delays &, 7 for various

0.4500 0.0333

TETTRN Y S ¥ S Ty =1 00333 03318 |
[Q = ?’gﬁég 0.8405 0.6853 05110 W [ 01578 —0.1274 |
'[Theoreml 14714 1.3478 1.3459 — H L —0.1274 0.1033 | ’
Remark 3  — — — 1.3262 [ —0.0220 0.0212 ]
Wiz = | 0.0164 —0.0164 |’
Wis = [ —0.0010  0.0007 |
that the system is exponentially stable for any time delay | 0.0007  —0.0005 |’
with 7(¢t) < 1.3262,0(t) < 1.3262. This is much larger than [ 0.0562 —0.0326 ]
the one of [5], which shows the less conservativeness of our Waz = —~0.0326 0.0797 |’
developed method. The maximal upper bounds of time delays r —0.0944  0.0074 7
&, T for various 11,72 from Theorem 1 and Remark 3 in this Was = —0.0101 —0.0875 | °
paper and those in [5], [7], [15] are listed in Table II. It is clear - -
that the results in this paper are much less conservativeness Wss = 0.3231  0.0043 ] ,
than those in [2]-[5], [7], [15], [17]. 00043 0.2437

Example 5.3. Consider system (1) with Assumption 1 and
the following parameters:

' . 0.6987 —0.1052 ]

Ay = diag{2.2,1.3}, Ay = diag{1.2,1.1}, Uz = | —0.1052 0.9836 |’

C, = { 00.115 8? ] C, — { 8? 8'213 } 7 U — | 0-0096  —0.0097 ]
. : 10, 37| —0.0097 0.0097 |’

Jl:[?’ _2]T7J2:[1 _4]T7
Hy=H, =1,Gy=Gs =Gy = Gg = —0.21,

By =By =0,Eo(t) = Er(t) = 'L, ;. [ 06836 —0.0375 ]

f1(8) = fa(s) = g1(s) = g2(5) = 05(]s + 1| — |s — 1]). >7 | -00375  0.6165 |’
. o . . [ 0.0012 —0.0009 ]

Obviously, the activation functions are bounded and satisfy Us = | -0.0009  0.0006 |’

assumptions (2) and (3) with
Li=L3=0, Lo =Lys=1.

This model was studied in [5], [11]. For this system, the
result given in [11] fails to ascertain the stability for any time

U _ [ 50573 0.6059
7 0.6059 3.6529 |°

[, — | 29251 0.0251
7 0.0251 22011 |

Ty = 1073 x diag{0.1667,0.0826},
T, = diag{0.7313,0.6215},
Ty = diag{0.0073,0.0016},
T, = diag{0.2548,0.3577},

delay with 7(¢t) # 0 or ¢(t) # 0. Furthermore, if we set _0.0065 0.0364
exponential convergence rate k be fixed as 0.1, when o (t), 7(¢) X = { 00064 —0.0363 } ,
are not differentiable, the upper bound of delay obtained by 0.1484 0.0934
[5]is & = T = 1.3661. However, by Remark 5, we can prove X, = { 0.0248 —0 1583 ] ,
that the equilibrium point of this system is robust exponential ’ )
stable for any time delays with 7(¢) = o(t) < 4.0227. For Y, = [ —0.1529  0.0264 ]
T(t) = o(t) = 4.0227, a feasible solution of LMIs (10)-(14) —0.0185 —0.1632 |’
are given by Vo — [ 0.0399 —0.0470 ]
2= )
Pu=1 _oes37 57874 |- M, — { —0.0295  0.0198 }
_ 36035 —0.3516 0.0207 —0.0140
@u=1| 0356 28841 |’ M, — { 0.0299  0.0190 ]
[ 08431 —0.3499 ] —0.0818 0.1101
Zu = | 03499 0.1529 |’ N, — { —0.0840 —0.0214 }
S = | 0.0175  —0.0173 |’ Ny — { 0.2973  —0.0208 ]
[ —0.0009 —0.0020 ] 0.0182 0.2568
Z13=1 00006  0.0002 |’ c0 = 7.2274,2, = 00231
Ty = _0()0(??5?9 _000%1129 , This implies that for this example the stability conditions
L ’ ’ . in this paper are less conservative than that in [5], [11].
Toa = —0.0398  0.0087 For this model with constant delay 7(¢) = o(t) = 4,
» 0.0157  —0.0435 | . e .
: : _ from Theorem 1 we can verify that the equilibrium point
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Table III Calculated maximal upper bounds of time delays &, 7 for various
11, M2, k of Example 5.4
0.5

N =12 0.5 unknown  unknown
k 0.1 0.2 0 0.1

[5] 2.11 0.81 1.226 0.661
Theorem 3 3.4871  1.4826 — —
Remark 6 — — 4.8096 2.7026

(347 157 '11 " 42)T g robust stable. The stability with the

(361 ~ 3010 12 11 . > Th
initial state (2, —2,4, —1)7 is shown in Fig. 1.

solution u(t),v(t)

|
[
I

-4 1 ! N N .
(o] 2 4 6 8 10 12

time t

Fig. 1. The state responses of system (1) in Example 5.3.

Example 5.4. Consider system (4) with Assumption 2 and
the following parameters:

Ay = diag{2.2,1.3}, As = diag{1.2,1.1},

0.1 02 02 0.1
Cl_[o.w 0.1]’ 02_[0.1 0.3}’
p1 = ps=0.5,p3 = ps = 0.1,
Bi=By=L =L3=0, Ly=L;=1.

This model was studied in [5]. Set &k = 0,11 = 12 > 1,
the allowable time delay upper bound obtained by Gau et
al. [5] is 1.226, while our method shows that the system
is exponentially stable for any time delay with 7(t) <
4.8096,0(t) < 4.8096. This is much larger than the one of
[5], which shows the less conservativeness of our developed
method. The maximal upper bounds of time delays &, 7 for
various 71, 72 from Theorem 3 and Remark 6 in this paper and
those in [5] are listed in Table III. It is clear that the results
in this paper are much more effectiveness than that in [5].

VI. CONCLUSION

In this paper we have investigated the global robust stability
problem of delayed uncertain BAM neural networks. By
employing new Lyapunov Krasovskii functional, we proposed
several novel stability criteria for the considered systems. The
obtained results are all in the form of LMI, which can be
easily optimized. Finally, four examples are given to show
the superiority of our proposed stability conditions to some
existing ones.
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