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Abstract

The existence, uniqueness and global robust exponential stability
is analyzed for a class of uncertain neutral-type bidirectional
associative memory (BAM) neural networks with time-varying
delays. Without assuming the boundedness of the activation
functions, by constructing a novel class of augmented Lyapunov-
Krasovskii functional, new relaxed delay-dependent stability
criteria of the unique equilibrium point are presented in terms of
linear matrix inequalities (LMIs). Following the idea of convex
combination and free-weighting matrices method, less conser-
vative results are obtained. Two examples are given to illustrate
the effectiveness of our proposed conditions.

Keywords: Global robust exponential stability, globally
exponential stability, linear matrix inequality(LMI), neutral-type,
bidirectional associative memory (BAM) neural network.

1. Introduction

Bidirectional associative memory (BAM) neural networks,
which were proposed by Kosko in [10,11], generalized the
single-layer autoassociative Hebbian correlator to a two-
layer pattern-matched heteroassociative circuits. There are
many applications for BAM neural networks such as
pattern  recognition, artificial intelligence, solving
optimization problem and automatic control engineering.
Therefore, the BAM neural networks have been one of the
most interesting research topics and have attracted the
attention of many researchers. Up to now, many important
results on the stability of BAM neural networks have been
reported in the literature, see e.g. [2]-[4], [7], [8], [12],
[15]-[19] and references therein.

On the other hand, the stability of a neural network may
often be destroyed by its unavoidable uncertainties due to
the existence of modeling errors, external disturbance and
parameter fluctuation in the applications and designs of
neural networks. Therefore, the robust stability analysis of
neural networks has gained much research attention [15]-
[17], [19], [24]-[27]. However, the existence of time
delays in these DNN models indicates that time delays are
dependent on the past state. In fact, many practical delay
systems can be modeled as differential systems of neutral
type, whose differential expression concludes not only the
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derivative term of the current state but also concludes the
derivative term of the past state, such as partial element
equivalent circuits and transmission lines in electrical
engineering, controlled constrained manipulators in
mechanical engineering, population dynamics system and
so on (see [13]). It is natural and important that systems
should contain some information about the derivative of
the past state to further describe and model the dynamics
for such complex neural reactions. There have been many
results about neutral-type cellular neural networks, but to
the best of our knowledge, few researchers studied the
stability for BAM neural networks which is described by
nonlinear delay differential equations of the neutral type.
By using Jensen integral inequality, Liu et al. [12] recently
proposed stability conditions of neutral-type BAM neural
networks with constant delays which are expressed in
terms of LMIs. Based on an inequality, Park et al. [14]
obtained a condition of globally asymptotic stability for
such systems also with constant time delays. Up to now,
there are no results about such systems with time varying
delays.

Motivated by the preceding discussions, the aim of this
paper is to relax the constraint on the boundedness of the
activation function, and study the existence, uniqueness
and global robust exponential stability for uncertain
neutral-type BAM neural networks with time-varying
delays. The authors introduce a novel form of augmented
Lyapunov-Krasovskii functional that takes into account
new terms eMu” (t— o (t))Pu(t— o (t)) and
e™vT (t—7(t)) xQ,,v(t—z(t)), Whose derivatives are

directly coupled with both neutral and retarded systems.
The proposed Lyapunov functional also includes the terms
of Cross products e (t)PLu(t — o (1)),

ey (1)Q,,v(t — r(t)), and some integral terms of cross

products,  such  as .[:, mez“uT (s)R,g(u(s))ds,

J-:, © e?*v' (s)S,, f (v(s))ds,

which are not considered in previous results. Following
the idea of convex combination and free-weighting
matrices method [9], we derive several new sufficient
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conditions for the global exponential stability of BAM
neural networks with time-varying delays. The derived
conditions are expressed in terms of linear matrix
inequalities (LMIs), which can be checked numerically
very efficiently via the LMI toolbox. Some comparisons
between the obtained results in this paper and previous
results are made by two illustrative examples.

The rest of this paper is organized as follows. In
Section II, problem formulation and preliminaries are
given. In Sections 11,1V, new delay-dependent conditions
are established for the existence, uniqueness and
exponential stability. In Section V, the new stability
conditions are extended to neural networks with norm-
bounded uncer-tainties. Section VI provides two
illustrative examples. Finally, some conclusions are drawn
in Section VII.

2. Problem description

Considering the following neutral-type neural networks

with time-varying delays:

xt)= —Ax®)+B,f(y®)+C.fyt-=(1) 1
+DX(t-o(t)+J, (1)

y(t) = —Ay(t)+B,g(x(t)) +C,a(x(t- o (1))
+D,y(t-7(t))+E,

X(1) = (%, (1), %, (1), X, ()" @ndy(t) = (y, (1),
y,(t),...,y, (t))" are the neural state vectors, J,E are the

where

constant external input vectors. A = A +AA(t), B =B,
+AB,(t), C,=C,+AC,(t), D,=D,+AD,(t), A=A
+AA, (t), B, =B, +AB,(t), C, =C, + AC,(t), D,=D,+AD,(t).
A =diag{a,,,a,,,...,a,} and A =diag{a,;,a,, ..., }
are positive diagonal matrices, B, = (0 )s C1 = (Ci)nm:
D, = (dy) nen B, = (bzij)man C, = (C)man D, = (dzij)mxm are
known constant matrices, AA (t),AB,(t),AC,(t), AD(t),
AA, (t),AB, (t), AC,(t), AD,(t) are parametric uncertainties,
0<7(t)<7,0<co(t) <& are the time-varying delays,
where 7,5 are positive constants. f(x(t))=(f,(y,(t)).
£ (V) T (Y ONT, GXD) = (G0 (D), -, G, (%, )
denote the neural activation functions. It is assumed that
there exist constants 1, 1,,,1,,,1,; such that
fo)-fE)
S—S,
< gj(Sl)_gj(SZ)
- 5—S,
forany s,,S, € R, s #s,,i=12,...m; j=1,2,...,n.

(]

I3j SI4jy
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Moreover, we assume that the initial condition of neural
networks (1) has the form

X;()=¢;(t), V() = (1), te[-max{5,7},0]
where ¢, (t),¢,(t)(i=1,2,..,m; j=12,..,n) are conti-
nuous functions.

Throughout this paper, let |ly|| denote the Euclidean norm
of a vector yeR", w™w™ 1, W),4,W) and |W =
/ 1, (W Tw ) denote the transpose, the inverse, the largest

eigenvalue, the smallest eigenvalue, and the spectral norm
of a square matrix W, respectively. Let W>0(<0) denote a
positive (negative) definite symmetric matrix, | denote an
identity matrix with compatible dimension.

The definition of exponential stability is now given.
Definition 1( [20]) The neural network (1) is said to be
globally exponentially stable if there exist constants k>0
and M>1 such that

Ix@ 1+ 1y isM( sup Lix@) 1) x(@) 13+

su {1l y@ L1y 1})e ™,
where k is called the exponential convergence rate.

Clearly, the equilibrium point of neural network (1) is
robust stable if and only if the zero solution of neural
network (4) is robust stable.

The time-varying uncertain matrices are defined by:
[AA() AB(t) AC/(t) AD(1)]
:HOEO(t)[Gl G, G G4],
[AA D) AB,(t) AC,(H) AD,(1)]
:HlEi(t)[GS Ge G? Gs]l
where H ,H,,G,(i=1..,8) are known real constant
matrices with appropriate dimensions. E(t),E,(t) are
unknown time-varying matrices satisfying

E, (DE, () <1, E ()E M) <. (5)

In order to obtain the main results, we need the following
lemmas.

Lemma 1 (see [1,23]) Let XY and P be real matrices of
appropriate dimensions with P>0. Then for any positive
scalar & the following matrix inequality holds:

XY +YTX <g*XTP*X +&YTPY.

Lemma 2(see [27]) Continuous map T(z):R" —>R" is
homeomorphic if T(z) is injective and IIIIiIm [| T(2)||= oo.
Z||[—>o
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3. Existence and uniqueness of the Qg = ~(L-77,)e " Ry;, Qe =C;(Qy +8)),
eqUiIibrium pOint Qg =C;Qy, anzczTSszv Qs,14:C2TZZTv

Qg = ~(1-1,)e " Ry;, Qg =D/Z],

Q,, =-Z,-Z] +R,+5%U,,

Q;,=2,B, Q;,,=2C,

Qg = 2kQy;, — (Qy, + S1) A, — A (Qy, +S5) + Sy,
+Y, +Y, 2L T,L,,

Q4 = (2kl — A)Q,, —YlT +Y,,

Qg1 =S, - AS, + (L + LT,

Firstly, we consider neural network (1) without uncertain-
ties, that is
x(t)= —Ax(®)+B.f(y®)+C,fyt-z(1)
+Dx(t-o(t)+J, (6)
y) = —Ay()+B,a(x(1) +C,g(x(t—o (1))
+D,y(t—z(t))+E.

In order to study the existence and uniqueness of the Qg1 = (Qu+83)D, + (1-1)Qu, Qg =-AZ;,
equilibrium point, we define map H(w) as H(w)= Qg = 2kQ,, —(L-1,)e2 S, - Y, =Y, +Y,
[H1T (W) H;(W)]Tthere W:[XT yT]T and +Y3T -2LT,L,, Qg,lo = _Y3T +Yq,

912 = _(1_771)672“512 +(L + LT,

913 — Q1T2D2 + (1_771)Q22 - (1_771)67“?813’

10,10 — =Y, _YAT' Q11,11 =S, - 2T,

Theorem 1. Under assumptions (2),(3) and 0<z(t) as = S50y, Quupy = —(1-7,)e 7S, - 2T,,

H,(w) =-Ax+(B,+C,) f(y)+J, Q
Q
Q
Q
<7,0<0()<5,0<7(t) <y, <L, 0<a(t)<n, <1, Qe =-L-7,)e?S,,,
Q
Q
()

H,(w)=-Ay+(B,+C,)§(x)+E.

given a constant k >0, suppose that there exist positive i =-0-7)e8,,,Q,,=D,2;,
definite symmetric matrices P =[P,],,,,Q =[Q;],.,, non- i =—Z,—Z] +S,+ 72U,

,=[X, X, 0000000000001,
®,=[0X; X, 000000000 0 0],
¥, =[0000000Y,Y, 0000 0],

¥,=[00000000Y,Y, 0000],
dimensions such that the following LMIs hold (i,j=1,2): L, = diag{ly, lip, .-, 1,},1=1,2,3,4,

negative definite symmetric matrices R = Rl
S :[sij]m, U,,Z,(i=12), positive diagonal matrices T,
real  matrices X,.Y,(i=12,3,4) with  compatible

Q ul vl % and other parameters Q, (i< jare all equal to zero's, then
® ey, 0 <0, neural network (6) have a unique equilibrium point.
¥, 0 -e U,
where Proof. As done in [6], we will firstly prove that
a=[9y ], H(w) = H (W) forany w= W, w,WeR "™,
Q,, =2kP, = (P, +R,;)A - A (P, + RJ)
+ Ry + X, + X[ —2L,T,L,, Now suppose H (w) = H (w), thatis
Qy, = (2Kl = A)P, = X[ + X, —A(x=%)+ (B, +C)(f(y) - f(y) =0,
Qu = R12 - A1R2T3 + (L3 + L4)T31 _Az(y_7)+ (Bz +C2)(g(X)— gN(Y)) =0.
Q,,=(P,+Ry)D, +(1-7n,)P, Q,, =-AZ, It is easy to see that
Q5 = (Py + Ry)By, Q= (P + R,)C, A(x —X)"(Ry+R;+R)+(G" () -§" (X)Ry]
Q,, =2kP,, —(1-7,)e 2R, - X, - X! + X, {—A (x—X)+(B,+C)(f(y)- f(¥))}=0, 8)
+Xg 2Lk, Qg == Xg+ Xy, A0 -9 (Qu+ S+ Q)+ (FT () - FT(7)S,6]

Qps = ~(L=m,)e Ry, + (Ly + LT, =AY -7+ (B, +C,)G()-G)NF=0.  (9)
Qo = PyDy+ (1=7,)Py, = (L-17,)e " Ry, By inequalities (2) and (3), we get
Qz.ll = Plz Bl’ QZ,lZ = Plzclv st = —X4 - XI’ —Z(V—V)T L1(T1+T2)Lz(y_7)
P 2(f - F @' T+ - F )
o ” B Qut o) BB 20y-3) (AT LT - TE) 20

411 — 23P1 2 923 —\T =
Q.1 = RpCL Q= BszzTr _2().(~_X) %SETs:rT“)LA(XtX) o
Q.. = -(1-n,)e?*R,, - 27T, —2(g(xz—Tg(X)) (T3+T4)(g(i<)—g(i<)z

+2(x=X)" (T3 +T,)(Ls + L)(G () - §(X)) = 0.

55

2]
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These together with Egs.(8),(9) give

9'GY >0, (10)

where
G = |:G” ]4><4l
g = [x=R)T (@) - gy =N (F ) - FN']
G, = _(Pl1+R13+P1£)A1_A1(P11+R1Ts+Plz)

—2L,(T, +T,)L,,
G,= -ARL+(T,+T,)(L+L,),
Gu= (Pi+Ry+ P1£ )(B,+C)),
Gp= -2(T;+T,), G,=(B, +C2)T (F4T +Qy),
G, = R, (B +C)+(B,+C,)' Sy,
Gyp= —(Qu+S,+ Q1T2)A2 - A(Qu+ SlT3 +Qp)

2L, (T, +T,)L,,
34 = _Azssz + (T1 +Tz)(|-1 + LZ)'\GM = _2(T1 +T2)-

(9]
|

On the other hand, one can infer from inequality (7)
(i=j=1) that Q < 0. Let

I 1 1 000O0O0O0OO0GO0TOT OO
g_[0000 1 1000000000
100000001 1 10000
000000O0DO0OOOTI 1 00
multiplying Q by B and BT on its left and right side

respectively, we obtain

ay 1|l

+d|ag{(1 A-n,)e ™
where | _{I I}

oo 1]
R (1~ (-m)e *7)s} <0,

00
Note that k>0,P>0,Q>0,R>0,S>0,0<7 <1
(i=12), 7>05>0, thus G<0. Obviously, this
contradicts with (10). The contradiction implies that
H (w) # H (W). Hence, map H is injective.

Next, we show that ||[H(W)|> as ||w|— «. To prove
this, it suffices to show that ||H (w)-H(0)|> » as
|| W||— oo. Similar to above proof, from Lemma 1 and
assumptions (2),(3) we obtain

[XT (P11 + R13 + P1£)+ (G(X) - g(o))T R23]

x (H,(w) - H,(0)) + [y’ (Qu + Sy + Q1T2)

+(F(y) = F(0))7S,51x (H, (w) —H,(0))

T
X X

L1[900-900) | ] 900-9(0)
2 y y
fyn-fO) Lfmn-fO
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T
X X

§()-§(0) | | 9()-4(0)

y y
fn-fo) | [ fy-fo
<22, GY{X"x+(@(x) - §(0)) (§(x) - §(0))

+yTy+(Fy-fFO) (Foy-fop}

<24, (G)(xTx+ X' Yix+y'y+ yTny)
<22, G @+ Ay O IXIE +@+ A (0D 1Y IP}
<22, (G)(2+ Ay (X,) + Ay (X)) | WP,

1
SEﬂM (©)

where
Y, =diag{p,, ..., . }, o = max{| l; |, 1; [},
Y, =diagffi,,....,A }, /i, =max{|l, [,|1, 1}.i=1,...,n.

From assumptions (2),(3) and above discussion we have
Ay (X)) >0,4,(Y,)>0,4,(G)<0.
By Schwarz inequality and assumptions (2),(3), we have
=223 (G)(2+ Ay (X,) + Ay (X)) W
<X (Py + Ry + P2) + (G(X) ~ §(0))" Ry,
x (Hy(w) = H,(0)) + [y (Qy; + 515 +QJ))
+(F(y) = F(0))7S5I(H, (W) —H, (0) |l
<IN Py + Ryg + P T+ 11G(x) = G(0) [ x [ Rys 1)
|| Hy (W) = Hy O) [+ y 1% 11 Quy + Sy5 + Q4 |l
+1 F () = FO) <N Sy 1) T Hy (W) = H, (0) ]
< (IPy+ Ry + Py I+ 1Y, <11 Ry D %]
* || Hy(w) = Hy (0) [[ (]| Quy + Sis + Qs |l
ISy DI [ ITH (W) = H, (0) I
<TIT|IH (w)=H ) I,
where I =[Py + R + B 1+ 110, x| Ryg 11+ 11 Qy
+S;3+ Qsz [+ 110 {101 Sy Il That is

IH (W)~ H (0) |2 —24, (G)(2+i,1M (Yi))”HL”,

4. Exponential stability result of the
equilibrium point

In order to prove the robust stability of the equilibrium
point (x", y") of neural network (1), we will first simplify

neural network (1) as follows. Let u(t) =x(t)—x", v(t) =

y(t)—y", then we have
utt)y= —Au(t)+B,f(v(t))+C,f (v(t—z(1)))
+Du(t-o (1), B D
v(t)= —Av(t)+B,g(u(t) +C,g(u(t - o(t)))
+DV(t -7 (t)),
1JCSI
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where f(v () = Fv®+y) - fi(y) g;(u; 1) =
§;(u;®)+x))-§,;(xj) with  £(0)=g;(0)=0,i=12,
.om; j=1,2,...,n. By assumptions (2) and (3), we can
see that

< fi(sl)_ fi(sz) SIZi!

l (12)
S =5,

LG TC I
51—,

Next, we consider neural network (11) without
uncertainties, that is

u(t)= —Au(t)+B,f(v(t))+C, f(v(t-z(1)))
+Dl(t - o (1)), (14)

V()= —AV(t)+B,g(u(t)) +C,g(u(t-o(t)))
+D,V(t -z (t)).

Theorem 2. The unique equilibrium point of neural
network (14) is stable with exponential convergence rate k
if the conditions of Theorem 1 are satisfied.

Proof. Consider the following Lyapunov-Krasovskii
functional:

V@um) =3V, ) (15)
with -
Vi(ut) = e*a (t)Pa(t)+e® BT (1)QA(),
V)= [ e*yT (s)Ry(s)ds
+jt‘4(t)e2k55T (s)SS(s)ds,
Viu) = & (s—t+&)eruT (s)U,u(s)ds

+T—jt17(s —t+7)e2 T (s)U v (s)ds,
where o7 (t) =[u" (t),u” (t- o (t))], B7 (1) =[V' (1),
Vit=z(®)], 7" (s)=[u"(s),g" (u(s)),u’ (s)l,
5T(s)=[V' (s), T (v(s)),V" (9)].

For convenience, we denote u_=u(t—o(t)), v, = v(t - z(t)).

The time derivative of functional (15) along the
trajectories of neural network (14) is obtained as follows:

V,(u) =e®{ 2ka’ (t)Pa(t)+2a" (t)Pa(t)
+2k BT ()QAM) + 28" (1AM},
V,(u(t) =e*¢ 7 ORy(t)+3T (1)SS(t)
-1 —o)e? YT t-ct)Ry(t-o(t)
(1 —2(t)e OS5 (t-z(t)SS(t—7(t) },

V,@ut)) =e{ 2T (U, u(t) + 7T (HU,V(t)

& j::ez“sf"uT (s)U u(s)ds

—_rt s—1),+ .
7 [ ey (s)U,V(s)ds}.

Based on Leibniz-Newton formula, for any real matrix
X, (i =1,...,4) with compatible dimensions, we get

0=2e> {uT)x;] +ulx]}
Ju)-u, - jt‘w(l)u(s)ds}, (16)
0=2e {ulx]+uT(t-5)X]}
{u, ~ut-a)-["Musyds}, @)
0=2e {vT()yy, +vIY, }
vy -v, - [ v(s)ds}, (18)
0=2e {VIV] +v (t-7)Y,}
v, —ve-o)- [ TVvs)ash @9
It is easy to get the following inequalities by using Lemma
1
t
—2{ uT(t)XlT+u;X2T}_|.t_J(t)u(s)ds
—_2k& (! T .
< oe J‘m(t)u (s)U,u(s)ds
e OO, D), (20)
TyT T —\y TYL[CO
—2{ u. X, +u (t—a)XA}LE u(s)ds
< et [ VT (s)u(s)ds
1 s )
+§eZk (T-o()¢T (DU DL (), (21)
t .
—2{ v (b)Y, +VIYzT}IH(t)V(S)d5
— —ok7 (! T ;
< Te J.Hmv (s)U,v(s)ds
2 TS OVIU L), (22)
2 VY v - T Y uis)ds
e [TV (5)U,u(s)ds

IN

F1et (7 - ()¢ (WU, (1), (23)
T
where
FT@)y=[ u'(t)u,,u"(t-&), 9" (u(t)), 9" (u,),
UM (t—o (1)), u’ (1), v (1), v v (t-7),
fr(v(t), f7(v,) v (t—z(t), v (t)].

On the other hand, one can infer from inequalities (12),(13)
that the following matrix inequalities hold for any

2]
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positive diagonal matrices T, (i =1,2,3,4) with compatible
dimensions

0<-2e2{ VT (O)L,T,Lv(t)+ fT (V)T (v(t)

VT (OT,(L, + L) fv) }, (24)
0<-2eMq VILT,Lyv. + f'(v)T,f(v,)

VT, (L +L,) f(v.)}, (25)
0<—-2e” u"(t)L,T,Lu(t)+ g’ (u(t)T,g(u(t))

~uT (OT,(Ly + L) g )}, (26)
0<-2e"y ulL,T,Lu, +g"(u)T,g(u,)

—uTT, (L, + L) gu)}. (27)

To get less conservative criterion, we introduce the
following equalities for any real matrices z,z, with

compatible dimensions
0=2u"()z{ -u(t)- Au(t)+B,f(v(t))

+C,f(v)+ DU (t—o(t)},  (28)
0=2"()z,{ -v(t)- Av(t)+ B,g(u(t))

+C,g(u, )+ DN (t—z(t)}.  (29)

From (15)-(29), we obtain
V) <e®sTm (a+ i_e””’a(t)q)}u;%b1
o

+ L™ (5o )olue,
(o2

Jrée””r(t)qqu;“{f1
T

s Lo (o) wIu Y, ) (),
-

Note that 0 < 7(t)<7,0<o(t) <&, so

Q +=eo () U D, + ée“”r(t)\ylu .
T

= Q|

+ :e“{?(OT_ G(t))q);U 171(1) 2
o

+ e (T - (t)YIU,'Y, <0
2 2 2

IR

holds if and only if the following four inequalities
Q+e®oU D, +e® YUY, <0, (30)
Q+e?oU D, +e? YUY, <0, (31)
Q+e?olU D, +e® ¥ U, <0, (32)
Q+e’ iU, +e’ YUY, <0, (33)

are true. From the well-known Schur complement,

inequalities (30-33) are equivalent to (7) with i,j=1,2

respectively, thus V (u(t)) < 0 holds if (7) (i,j=1,2) are true.

Furthermore, following the similar line in [27], from
Lemma 1 we have

Copyright (c) 2014 International Journal of Computer Science Issues. All Rights Reserved.

V(u() =< |V|1|I¢(t)—><*llz+|V|27-°;Ug[00||11(6’)||2
+M; o) =y IIF +M, sup [[V(O) 1",

-7<0<0

where
M,= 44, (P)+354, (R)(1+52),
M

L= 3 (R)+ 2.5, (U)
M,= 44,(Q)+3%, (5)(1+c?2),
M, = sm(sn%—w(uz),

and oy =maXy . {[ by |1, [}, o = max g {I1; [, 1 [}-

Meanwhile
Vu®) ze® (4, (P14 - X | +4,(Qy)
<llo) -y IF)
> 2 ming, (P, 2, (Qu)}

<1 =X 11+l p®) -y 11)?,
by Lyapunov stability theory, the proof of Theorem 1 is
completed.

Remark 1. One can notice that the augmented Lyapunov
functional approach of this paper is quite different from

previous ones. New terms e”u’ (t—of(t))Pu(t—oft))
and e*V' (t—7(t))Q,,v(t —z(t)) are used to augment the

Lyapunov functional, whose derivatives are directly
coupled with both neutral and retarded systems. Therefore,
the augmented Lyapunov functional can lead to an reduce
in the conservativeness of the results, which will be
illustrated by three examples.

Remark 2. The proposed Lyapunov functional also
includes  the terms  of cross  products
" ()Pt -0 (1), eV (1)Q,v(t-z(t)), and some
integral terms of Cross products, such

s [ e OR,g NS, [ eV (6)S, TS

t—7(

which are not considered in previous results. This
approach provides a quasi-full-size Lyapunov functional
through augmentation. Moreover, the set of Lyapunov-
Krasovskii functional introduced in Park et al. [14] is just
reduced form of the one proposed in this paper. It is well
known that as the Lyapunov functional is reduced, the
corresponding  results become more conservative.
Therefore the proposed novel augmented Lyapunov
functional can vyield less conservative results than the
existing methods.

Remark 3. It should be pointed out that the condition of
Theorem 1 in [14] needs to be revised. In the proof, one
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key step is the following proposition (see inequality (14)
in Page 719 of [14]):

Proposition. Let L,=-L,. The following inequality holds
for any given L, > 0, positive definite matrices Z:

9" (YD)Zg(y®) <y' (OLZLy(®). (34

Unfortunately, the above Proposition is not valid in
general, this fact can be illustrated by the following
example:

Example 3.1. Obviously 91(3)=92(S)=%(|S+1|—|S—1|)
satisfy conditions (3) with L, = 1. Set y7 (t) = [-21],
then g7 (y(t)) = [-11]. Further set 5 _{1 2}
2 5]
we have
9" (Y®)Zg(y(t)) =2>1=y" ()L, ZL,y(1),
i.e. inequality (34) is false.

Based on above analysis, the LMIs of Theorem 1 in [14]
may not be sufficient conditions assumed that Z is a
positive definite matrix. In fact, if Z is revised to be a
positive scalar matrix, then the above Proposition and
Theorem 1 in [14] are still valid.

Remark 4. If any of &(t),7(t) are unknown or any of
o(t),z(t) are not differentiable, by setting P, =Q,, =0
(i=1,2),R=S=0 in functional (15) and adding the

following zero equations to the time derivative along the
trajectories of neural network (14):

0=u"(t-o)K,( —u(t)- Au(t)+ B, f(v(t))
+C,f(v,)) + Dyi(t - o (1)),
0=V (t—r(t)K,( —v(t)= Av(t)+ B,g(u(t))
+C,g(u, )+ Dv(t (1)),
where K,(i =1,2) are any real matrices with compatible

dimensions. Following the similar line in Theorem 1 we
can obtain a stability criterion similar to LMIs (7).

Remark 5. In terms of LMIs, Theorem 1 and Remark 4
provide a sufficient condition for the global exponential

stability of the delayed neutral-type neural network in (14).

One of the advantages of the LMI approach is that the
LMI condition can be checked numerically very efficiently
by using the interior-point algorithms, which have been
developed recently in solving LMIs [1].

Next, consider system (14) with D, = D, =0, that is

Copyright (c) 2014 International Journal of Computer Science Issues. All Rights Reserved.

{u(t) =AU+ BV +CT(V). (35
V(t) =—AV(t) + B,g (u(1)) + C,9(u,).
It is easy to see the following result holds from Theorem
1.

Corollary 1. Under assumptions (2),(3) and 0<z(t) <7,
0<o(t)<5,0<7(t)<n <L, 0<o(t)<ny,<1, given a
constant K >0, suppose that there exist positive definite

symmetric matrices P,Q, nonnegative definite symmetric
matrices R,S,Z,,U,(i=1,2), positive diagonal matrices

T, real matrices X,,Y;(i=1234) with compatible

dimensions such that the LMIs (7) (i,j=1,2) with
D,=D, =0 hold, then the equilibrium point of neural

network (35) is exponential stable.

Remark 6. In Corollary 1, by setting p, =Q,, = 0(i =
1,2),R =S =0, we can employ this criterion to analyze the
stability of neural network (35) when any of &(t),#(t)
are unknown or any of o (t), z(t) are not differentiable.

5. Robust exponential stability results of
uncertain delayed neural network

Now, based on Lemma 1 we investigate the robust
exponential stability condition for neural network (11)
with uncertainties satisfying (4) and (5). Firstly, by using
the same functional as in Theorem 1, we can easily obtain
the following result.

Theorem 3. Under
0<r(t)<T7,
0<o(t)<5,0<7(t)<np, <1,0<5(t)<n, <1 given a
constant k > 0, suppose that there exist positive scalars

positive

assumptions  (2)-(5) and

£y & definite symmetric matrices P,Q,

nonnegative definite symmetric matrices
R,S,Z,U,(i=12), positive diagonal matrices T, real

matrices X,,Y,(j=1,2,3,4) with compatible dimensions
such that the following LMIs hold (i,j=1,2):

Q+0® EjH, E/H, @ v

HiZE, -¢&l 0 0 0

HiZ, 0 -gl 0 0 <0, (36)
O, 0 0 —e?U, 0

¥, 0 0 0 -e?U,

where

®= £[-G,0000G,0000G, G, 00T
-G, 0000G,0000G, G, 00]
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+g[000G, G, 00 -G,\00\W00G, 0]
x{f000G, G, 00-G,\0000 G; 0],
o= [P,+R; P, 0 R, 000 Z7 000000 0],
E,= [0000000Q,+S5\Q, 0S8, 00 Z;],
and other parameters are all defined in Theorem 1, then

the equilibrium point of neural network (1) is robust
exponential stable

[1]

Remark 7. Similar to Remark 4, if any of & (t),z(t) are
not differentiable or any of &(t),7(t) are unknown, by
setting P, =Q., =0(i =1,2),R=S =0 in functional (15)
and adding the following zero equations
0=u"(t-o @)K, ( —u()- Au(t)+ B, (v(t))
+C,f(v,)+ Du(t-o (1),
0=vT(t—r(t)K,( —v(t)- Av(t)+ B,g(u(t))
+C,g(u, )+ Dy(t -z (1)),
to the time derivative along the trajectories of neural

network (11), following the similar line in Theorem 3 we
can obtain a stability criterion similar to LMIs (36).

Now, consider system (11) with D, = D, = 0, thatis

ut)= —Au(t)+B,f(v(t)) +C, f(v(t-z (1)),
V()= —AV(t)+B,gu(t)+C,u(t-a(1)).

It is easy to see the following result holds from Theorem 3.

Corollary 2. Under assumptions (2),(3) and 0<z(t) <7,
0<o(t)<&,0<7(t)<n, <1,0<5(t)<n, <1, given
a constant K >0, suppose that there exist positive scalars

&y, &, positive definite symmetric matrices P,Q,
nonnegative definite symmetric matrices R,S,U, (i =1,2),
positive diagonal matrices T, real matrices XY (j=
1,2,3,4) with compatible dimensions such that the LMIs
(36) withD, = D, = 0 hold, then the equilibrium point of

neural network (37) is robust exponential stable.

Remark 8. In Corollary 2, by setting p, = Q,, = 0(i =1,
2),R=5 =0, we can employ this criterion to analyze the
stability of neural network (37) when any of &(t),#(t) are
unknown or any of o (t), z(t) are not differentiable.
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6. Comparison and lllustrative Examples

Next, we provide two numerical examples to demonstrate
the effectiveness and less conservativeness of our delay-
dependent stability criteria over some recent results in the
literature.

Example 5.1. Consider neural network (35) with
A =1,A=41,B =B, =0,
0.05 0.10 0.15
C,=/0.25 0.05 0.15],
0.05 0.15 0.05

075 0 0.15
C,=(0.75 050 0.95],
0.95 0.75 0.95
L=L=0L,=L,=1I.
This model was studied in [7], [8]. For this neural network,
it is verified in [8] that the results given in [2], [3] fail to
ascertain the stability for any time delay. Furthermore, if
we set exponential convergence rate k be fixed as 0.35,
none of the criteria of [4], [19] can guarantee the stability
for any time delay with 7(t) #0 or &(t) =0. Set z(t) =
0.5110,7, >1,all of the criteria given in [8], [17] fail to
verify the stability for any time delay, the allowable time
delay upper bound obtained by Gau et al. [7] is 0.5110,
while our method shows that the equilibrium point of this
neural network is exponentially stable for any time delay
with o (t) <1.1061. This is much larger than the one of [7],

which shows the less conservativeness of our developed
method.

Example 5.2. Consider neural network (6) with
A =diag{2,1.5}, A, = diag{3, 2},

{0.3 —1.0} {0.2 0.5}
B, = , B, = ,
0.1 0.2 1.1 0.2
1.1 -0.2 c 0
C, = ,C, = ,c>0,
L.O 0.5 } L c}
0.2 0.1 0.1 0.2
D, = D, = :
{0.1 0.2} {0.2 0.1}
J=[-6 2], E=[4 -2T,
fi(s) = f,(s) = G,(5) = G,(s) = 0.5(|s+1|-|s-1]).
Obviously, the activation functions satisfy assumptions (2)
and (3) with L=L=0L,=L,=1.
Obviously, none of the results in [2]-[4], [7], [8]. [12], [15]

and [19] can be applied to verify the stability of this model.
However, if we set 6=7=1 7=7,=05 from

Theorems 1 and 2 we can conclude that this neural
network has a  unique equilibrium point
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(1.1167,-1.4500,—1.7000, 1.6000)" Which is exponential stable
for any ¢ with 0 < ¢ < 0.9506.

7. Conclusion

In this paper we have investigated the global robust
stability problem of uncertain BAM neural networks of
neutral-type. By employing new Lyapunov-Krasovskii
functional, we proposed several novel stability criteria for
the considered neural networks. The obtained results are
all in the form of LMI, which can be easily optimized.
Finally, three examples are given to show the superiority
of our proposed stability conditions to some existing ones.
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