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Abstract

In this work we study a model to describe epidemics, the SIR
(Susceptible- Infectious- Recovered) model. We improve the SIR
model in order to take into account spatial behavior of the
infected and susceptible populations by adding a diffusion term
to the equations. The SIR epidemic model is considered in
bidimensional case. To solve the considered system we use the
finite difference approach based on explicit Euler schema. In
addition, we present the numerical results.
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1. Introduction

In 1927, W. Kermack and A. McKendrick [14]first
proposed a model to explain the rapid rise and fall in the
number of infected patients observed in epidemics such as
the plague (London 1665-1666, Bombay 1906) and
cholera (London 1865)” [8]. In 1979, M. Anderson and M.
May resurrected the Kermack, McKendrick model, as
known as the SIR model, for the spread of infectious
diseases More recently, this simple epidemiological model
consisting of three coupled ordinary differential equations
has been used for a variety of epidemics, including HIV
and SARS). Due to its applicability, it has become the
foundation for more complex, more realistic
epidemiological models.

A detailed history of mathematical epidemiology and
basics of SIR epidemic models may be found in the
classical books of Bailey [2], Murray [19], and Anderson
and May [1]. After Kermack- McKendrick model,
different epidemic models have been proposed and studied
in the literature (see Capasso and Serio [6], Hethcote and
Tudor [13], Liu et al. [15][16], Hethcote et al. [12],
Hethcote and van den Driessche
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[9], Derrick and van den Driessche [7], Beretta and
Takeuchi [5][4], Beretta et al. [3], Ma et al. [17][18], Ruan
and Wang [21], Song and Ma [22], Song et al. [23],
D’Onofrio et al. [20], Xiao and Ruan [24].

The population is divided into disjoint classes which
change with time. The susceptible class consists of those
individuals who can incur the disease but are not yet
infective. The infective class consists of those who are
removed from the susceptible - infective interaction by
recovery with immunity, isolation, or death. The fractions
of the total population in these classes are denoted by S(t),
I(t) and R(t) respectively.

In the epidemiological models here, the following
assumptions are made:
1) The only way a person can leave the susceptible
group is to become infected.
2) The only way a person can leave the infected
group is to recover from the disease.
3) Once a person has recovered, the person received
immunity.
4)  Age, sex, social status, and race do not affect the
probability of being infected.

The remaining parts of this paper are organized as follows:
section 2 presents the epidemic model. In section 3 we
study the behavior of the epidemic in each location of a
territory, by adding a Laplacian which corresponds to the
spatial dispersion of individuals susceptible (infected
respectively), it being modeled by a diffusion phenomenon
is to say a result of movements of individuals susceptible
(infected respectively). We present some efficient
algorithms for solving the discretized problem on Matlab
In section 4. The five section to put spotlight on numerical
results. The last section provides concluding remarks.
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2. The Epidemic model

The model to be studied takes the following form:

S\  aSI®)
( S() = reS(Y <1 - T) S 1+al(b)
{ , aS(OI(t)

( =13 al(®

M

- yI(®)

The model has a susceptible group designated by S, an
infected group I, and a recovered group R with permanent
immunity, r. is the intrinsic growth rate of susceptible, k
is the carrying capacity of the susceptible in the absence of
infective, a is the maximum values of per capita reduction
rate of S du to I, a is half saturation constants, y is the
natural recover rate from infection.

3. Spatio-temporal model

In recent years, the problems of infection are increasingly
present in our daily lives. Each individual is required to
meet a number of people in a day either in the workplace
or at various outlets (travel, cinema, shopping centers ...).
We can cite models of spatial diffusion for Hunter [10],
Gilg [11] and El Berrai et al [8] which deal with different
types of epidemic. To model the spread of the epidemic for
this SIR model it is assumed here that the population
moves: if the population is distributed in several cities,
individuals can become infected within the same city, but
more likely an individual can move in a city where it is an
infection, then bring the disease in his hometown, or
another infected individual can move in another city to
spread the disease ...

It will be modeled by the following system:

S®)  aSMI(®
{( S(t) = V2S + rS(D) (1 - T) T 1+al® @
, aS(®)I(t)
L 0= a0

The Laplacian is the spatial dispersion of individuals
susceptible (infected respectively), the latter being
modeled by a dissemination phenomenon that is to say, a
result of movements of individuals susceptible (infected
respectively).

In the stationary problem, the system does not depend on
time then we obtain:

( £+ 62_5 =—rcs(1—i)+ il

0x?  dy? k/ " 1+ai
i N 0’1 asi v 3
( ax2" 9y2 ~ 1+ai Y ®
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When the system depends on the time we obtained:

( 62 0%S s asi
J 50 = Tt s s(1- E)_1+ai

10 = 621 N 021 N asi | 4
l Tox2 ' 9y?  1+ai Y )

4. Approximation of the system

In this part, we try to observe numerically the solutions of
the system in the form of travelling waves to model an
epidemic. For that, we will approximate the solutions.

We study the spread of an epidemic in dimension 2, that is
to say people moves on a plane (digitally, it is restricted to
the pOlngﬂ ( ] Xmin: Xmax [ ] Ymin: Ymax D

we consider the problem to the limits associated with the
system:

625 0%s s asi
S0 =5z ozt e s(1- E)_1+ai
62 62 asi
I — vyl
®= ayz + T+a '

We fixe M, >0and M, >0 the number of domestic points

in pOlngﬂ ]Xminl Xmax []Ymin! Ymax [ We note the

discretization in space A, = h, =W and

Ay = hy —anh Xi= Xmin + 1hy and y,=y +
i hy. We divide the interval [0; T] into N sub-intervals,
definedby: 0=¢t, < t;< t, <...< t, =T with l:%.
We will calculate an approximation of the solution,

denoted by ( S7, I7%).

i,j2,j)
4.1. Proposition
We have a space-time discretization:

2 n
au_ui+1] 2u +ul 1,j
dx? sz

%u Uy — 22U U
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We put:
Sg}i-lj+ Sl?l—lj Sinj+1+ Sinj—l Sty alf
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So we obtain :
n+1 n
Si,j = At H(S, I) + Si,j 5
)

I = at6(S,D + I

5. Numerical simulation
For the numerical simulations we use the following data.

Table 1: Value of the parameters

Parameter | s | 1, | a o y K re

Value 50 [ 30 | 23 | 1.49 | 0.611 | 100 | 2.5

We show snapshots of the spatial and temporal evolution
of the infected populations for several times.

(a)t=0 (b) =100
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Copyright (c) 2014 International Journal of Computer Science Issues. All Rights Reserved.

107

50
30
20 4

(d) t=1000

(e) t=2000

Figure 1: Snapshots of the spatial and temporal evolution of the infected
populations.

Initially at time t = 0, we introduce a proportion of infected.
At t = 100 in the figure below the infected population
begins to disseminate. At t = 550 the dissemination is still
amplifies. At t = 1000 there is no longer a sick in the
center. Finally, att = 2000, the epidemic is finite. The
infected population is constant equal to 0.

In the stationary case we find the following figure:

=

Figure 2: Stationary Solutions

6. Conclusions

The Spatiotemporal Epidemiological Model (STEM) tool
is designed to help scientists and public health officials
create and use spatial and temporal models of emerging
infectious diseases. These models can aid in understanding
and potentially preventing the spread of such diseases. Its
disease model computations are based on compartment
models that assume an individual is in a particular state,
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either susceptible (S), infectious (1), or recovered (R), in
classic SI(S), SIR(S), disease models. In this work, the
SIR epidemic model of infectious diseases in populations
is considered in bidimensional case. This model permits
one hand to modeled the dynamic of spread of the
epidemic, and the other hand we was permits to generalize
the study proposed by El Berrai et al[8]. Besides, we
approximate the considered model using the Euler schema
and we present the obtained numerical results for
differents values of time.
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