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Abstract 

Mathematical model of multi-disk auto-balancing rotor has 

been established by Lagrange equation. By simulation, it found 

that the ball was moved automatically to the opposite side of 

eccentric mass with balancing the eccentric mass automatically 

and reducing vibration when the tri-disk auto-balancing rotor 

reached above third order critical rotation speed; The ball was 

moved automatically to the same side of the eccentric mass, 

enlarging eccentric mass and increasing the vibration when 

below first order critical rotation speed; Regarding 

distributions on the same side with eccentric mass, vibration 

was reduced when they are between first order and second 

order critical rotation speeds; Regarding distributions on the 

same side with eccentric mass and on the asymmetric opposite 

side, vibration was reduced, when they are between second 

order and third order critical rotation speeds; Vibration was 

increased in other situations. 

Keywords: rotor dynamics; auto-balancing; modeling; 

simulation; eccentric mass 

1. Introduction

Automatic balancing is an ideal way to solve unbalanced 

rotor vibration. Single-disk auto-balancing rotor has 

been widely studied[1-12], yet whether its performance 

could be applied in the multi-disk rotor remains a topic 

to be researched. In this paper, it attempted to establish 

an auto-balancing mathematical model of multi-disk 

rotor. Tri-disk rotor was taken as an example to carry out 

simulation analysis. 

2. Numerical modeling

Tri-disk auto-balancing rotor is shown in Fig. 1. 

O01 (O02,O03), O1(O2,O3), G1(G2,G3) is the rotational 

center, geometric center, mass center of disk 1(2, 3) 

respectively. Assuming that a driving torque of a motor 

is large enough, drag torque changed and rotation speed 

remained constant while load changed, excluding shaft 

torsional vibration; With linear damping, the ball was 

rolling purely; Stiffness of bearing seat was large enough 

to ignore deformation of the bearing; The disk center 

was on the center line of the revolving shaft. Inside the 

disk, raceway and lubricants are applied. The ball moves 

along its raceway and the number of them should be no 

less than 2. Furthermore, its spindle is vertical and the 

disk revolves on a horizontal plane.  

By adopting Lagrange equation, a mathematical model 

of tri-disk auto-balancing rotor can be established: 
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Fig. 1 Tri-disk auto-balancing rotor diagram 

3. Simulation analysis 

    
(a)Same side (b)Asymmetric opposite side (c)Symmetric opposite side 

Fig. 2 Plane distribution of eccentric mass. 

The plane distributions of the eccentric mass are shown 

in fig. 2.  

Simulation parameters are shown in Table 1. 

Table 1 Simulation parameters 

parameters units value 

ri m 0.050 

e m 0.050 

mqi Kg 0.020 

mpi Kg 0.020 

Mi Kg 2.459 

k1  5032.32 

k2  20129.28 

k3  20129.28 

k4  5032.32 

ci  5.6 

β i0  0.0000415 

β i1  0.03678 

ω n1 Hz 12.527 

ω n2 Hz 23.752 

ω n3 Hz 33.096 

ϕ110 radian 0.5 

ϕ120 radian 1.0 

ϕ210 radian 1.5 

ϕ220 radian 2.0 

ϕ310 radian 2.5 

ϕ320 radian 3.0 

 

Figure presentation can be defined as: 

Steady-state location diagram of the rotor: solid circle 

represents the location of eccentric mass, hollow circle, 

the location of the ball, solid points and cross-star, 

100000 times of steady-state amplitude position of 
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auto-balancing rotor and common rotor. 

Phase variation process diagram of the ball: vertical 

coordinate represents the phase of the ball.  

Resultant amplitude diagram of the rotor: it indicates 

variation process of resultant amplitude. Auto-balancing 

rotor is on the upper side, while common rotor on the 

lower side. 

The orbit diagram of the shaft center: auto-balancing 

rotor is on the left side, while common rotor is the right 

side.  

According to the vibrating mode theory and the inherent 

frequency of rotor system the simulation results of 

supercritical speed of rotation are shown in fig. 3, 4, 5, 

while the steady-state resultant amplitude of supercritical 

speed of rotation is shown in table 2 and the steady-state 

phase of ball at supercritical speed of rotation is shown 

in table 3. It shows that the ball is moved automatically 

to the opposite side of the eccentric mass and evenly 

distributed with the eccentric mass with steady-state 

resultant amplitude decreasing significantly; Moving 

from the initial phase, each ball reaches its stable phase 

upon 25 s; Resultant amplitude of auto-balancing rotor 

has a step-by-step dynamic process of decreasing; Shaft 

center orbit of auto-balancing rotor is solid circle in 

convergence, while that of common rotor is hollow 

circle in divergence. 
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(a) Steady-state location diagram of ball, eccentric mass and centroid 
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(b) Phase variation process diagram of the ball 
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(c) Resultant amplitude diagram of rotor 
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(d) Orbit diagram of the shaft center 

Fig. 3 Simulation results of same side distribution whenω =20Hz 
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 (a) Steady-state location diagram of ball, eccentric mass and centroid 

0 10 20 30
-600

-400

-200

0

200

400

600

Time(s)

A
n
g
le

(d
e
g
re

e
)

 

(b) Phase variation process diagram of the ball 
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(c) Resultant amplitude diagram of rotor 
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(d) Orbit diagram of the shaft center 

Fig. 4 Simulation results of asymmetric opposite side distribution when

ω =30Hz 
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(a) Steady-state location diagram of ball, eccentric mass and centroid 
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(b) Phase variation process diagram of the ball 
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(c) Resultant amplitude diagram of rotor 
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(d) Orbit diagram of the shaft center 

Fig. 5 Simulation results of the symmetric opposite side distribution 

whenω =45 

Table 2 Steady-state resultant amplitude at supercritical speed 

(unit: 10-5m) 

Distribution of eccentric 

mass 
q1 q2 q3 q1’ q2’ q3’ 

Same side 1.8 2.2 1.2 26.9 24.7 27.0 

Asymmetric opposite side 2.7 2.7 1.6 26.6 29.3 32.3 

Symmetric opposite side 2.7 2.8 1.3 31.6 33.9 31.6 
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Table 3 Steady-state phase of ball at supercritical speed 

(unit: degree) 

Distribution of eccentric 

mass 
φ 11w φ 12w φ 21w φ 22w φ 31w φ 32w 

Same side -82.1 161.1 -75.3 166.3 -77.4 159.8 

Asymmetric opposite side -83.6 157.0 166.6 -73.0 103.2 -20.3 

Symmetric opposite side 155.3 -82.0 -18.2 102.4 164.1 -78.6 

 

The simulation results of the subcritical speed of rotation 

are shown in fig. 6, 7, 8, while the steady-state resultant 

amplitude at subcritical speed of rotation is shown in 

table 4 and the steady-state phase of ball at subcritical 

speed of rotation is shown in table 5. It shows that the 

ball is moved automatically to the same side of the 

eccentric mass; Steady-state resultant amplitude 

increases significantly when increasing the eccentric 

mass; The ball is unable to be stable. The resutant 

amplitude reaches the maximum and has an increasing 

trend upon 30 s, which shall not exceed the value 

produced when the ball overlaps the eccentric mass; The 

resultant amplitude of auto-balancing rotor is multiple 

times of that of common rotor; Shaft center orbits of 

auto- balancing rotor and common rotor are hollow 

circles. Yet auto-balancing rotor has a larger radius and 

vibration that the common one. 
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(a) Steady-state location diagram of ball, eccentric mass and centroid 
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(b) Phase variation process diagram of the ball 
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(c) Resultant amplitude diagram of rotor 
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(d) Orbit diagram of the shaft center 

Fig. 6 Simulation results of same side distribution whenω =6Hz 
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(a) Steady-state location diagram of ball, eccentric mass and centroid 
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(b) Phase variation process diagram of the ball 
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(c) Resultant amplitude diagram of rotor 
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(d) Orbit diagram of the shaft center 

Fig. 7 Simulation results of asymmetric opposite side distribution when

ω =20Hz 
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(a) Steady-state location diagram of ball, eccentric mass and centroid 
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(b) Phase variation process diagram of the ball 

0

10

20

30

1

2

3
0

0.5

1

1.5

2

2.5

x 10
-3

Time(s)

Auto-balancing rotor

Disk number

A
m

p
lit

u
d
e
(m

)

0

10

20

30

1

2

3
0

1

2

3

4

x 10
-4

Time(s)

Common rotor

Disk number

A
m

p
lit

u
d
e
(m

)

 

(c) Resultant amplitude diagram of rotor 
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(d) Orbit diagram of the shaft center 

Fig. 8 Simulation results of the symmetric opposite side distribution 

whenω =30Hz 

 

Table 4 Steady-state resultant amplitude at subcritical speed 

(unit: 10-5m) 

Distribution of eccentric 

mass 
q1 q2 q3 q1’ q2’ q3’ 

Same side 20 30 20 7 10 7 

Asymmetric opposite side 130 20 170 30 10 70 

Symmetric opposite side 60 40 40 4 24 3 

 

 

 

 

IJCSI International Journal of Computer Science Issues, Volume 13, Issue 6, November 2016 
ISSN (Print): 1694-0814 | ISSN (Online): 1694-0784 
www.IJCSI.org https://doi.org/10.20943/01201606.8897 95

2016 International Journal of Computer Science Issues



Table 5 Steady-state phase of ball at subcritical speed 

(unit: degree) 

Distribution of eccentric 

mass 
φ 11 φ 12 φ 21 φ 22 φ 31 φ 32 

Same side 57.7 42.4 30.8 15.5 20.8 5.6 

Asymmetric opposite side -5.1 -20.4 153.1 -37.2 192.0 176.7 

Symmetric opposite side 62.2 47.0 200.7 185.4 318.6 303.3 

4. Conclusions  

The ball was moved automatically to the opposite side of 

eccentric mass with balancing eccentric mass 

automatically and reducing vibration when the tri-disk 

auto-balancing rotor reached above third order critical 

rotation speed; The ball was moved automatically to the 

same side of eccentric mass, enlarging eccentric mass 

and increasing vibration when below first order critical 

rotation speed; Regarding distributions on the same side, 

vibration was reduced when they are between first order 

and second order critical rotation speeds; Regarding 

distributions on the same side and on the asymmetric 

opposite side, vibration was reduced, when they are 

between second order and third order critical rotation 

speeds; Vibration was increased in other situations. 

Notations 

mpi= Eccentric mass of the disk i 

ei= Eccentric distance of the disk i 

Mpi= Quality of the disk i 

Mi = Equivalent quality of the disk i 

Xi= Displacement of the disk i in the X direction 

Yi= Displacement of the disk i in the Y direction 

ki= Stiffness of the disk i in the X or Y direction 

ci= Damping of the disk i in the X or Y direction 

mqi= Quality of ball in the disk i 

ri= Radius of ball in the disk i 

Ri= Orbital radius of ball in the disk i 

Ii = Rotary inertia of ball in the disk i 

β i0= Rolling friction coefficient of ball in the disk i 

β i1=Viscous damping coefficient of ball in the disk i 

αi= Eccentric mass phase in the disk i 

ϕij= Phase of the ball j in the disk i 

ϕij0= Initial phase of the ball j in the disk i 

ϕijw= Stable phase of the ball j in the disk i 

qi= Stable amplitude of auto-balancing rotor disk i 

qi’= Stable amplitude of common rotor disk i 

ω = Angular velocity of the rotor 
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