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Abstract

In 1967, Wee introduced the concept of fuzzy
automata, using Zadeh’s concept of fuzzy sets. A group
semiautomaton has been extensively studied by Fong and
Clay .This group semiautomaton was fuzzified by Das and
he introduced fuzzy semiautomaton, fuzzy kernel and fuzzy
subsemiautomaton over finite group. Fuzzy subgroup with
thresholds was defined by Yuan et. al. In this paper, we
introduce the idea of fuzzy kernel and fuzzy
subsemiautomaton with thresholds. Further, we discuss
some results concerning them.
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1. Introduction

Lofti A. Zadeh introduced fuzzy sets in 1965.
Rosenfeld defined fuzzy subgroups in 1971. Anthony
and Sherwood replaced “min” in Rosenfeld axiom by
t-norm and introduced T-Fuzzy subgroup.
Bhakat and Das introduced (€, €/q)-fuzzy normal,
guasinormal and maximal subgroup in 1992.Also in
1997 they introduced fuzzy kernel and fuzzy
subsemiautomaton of a fuzzy semiautomaton over a
finite group using the notions of a fuzzy normal
subgroup and a fuzzy subgroup of a group. In the
year 1999 Sung-jin Cho et al. introduced the notion

of T-fuzzy semiautomata, T-fuzzy kernel, and T-
fuzzy subsemiautomata over a finite group. In 2003,
Yuan et. al defined fuzzy subgroup with thresholds
which is a generalization of Rosenfeld’s fuzzy
subgroup and Bhakat and Das’s fuzzy subgroup. This
paper defines fuzzy kernel with thresholds, fuzzy
subsemiautomaton with thresholds and discusses
some results concerning them.

2. Preliminaries

In this section we summarize some preliminary
definitions and results which are required for

developing main results.

Let (G,*)denote a group. We sometimes write G

for (G, *) when the operation * is understood.

2.1 Definition [7]
Let X be a nonempty set. A fuzzy set Ain X is
characterized by its membership  function

A X —>[0,1] and A(X) is interpreted as the

degree of membership of element X in fuzzy set A
foreachX € X .

2.2 Definition [4]

A fuzzy subset A of agroup G is a fuzzy subgroup
of Gifforall X,yeG
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(i) A(xxy)=A(x
i A(x)=A(x)

2.3 Definition [4]

A fuzzy subgroup A of G is called a fuzzy normal
subgroup of G if /I(x* y*x’l)z A(y) for all

X,yeG.

2.4 Definition [6]

Let l,,ue[O,l] and A< Let A be a fuzzy
subset of a group G . Then A is called a fuzzy

subgroup with thresholds of G if forall X,y € G

(i) A(xxy)v A= A(X)AA(Y)Au

i) A(X)VAZA(X)Au

2.5 Definition [2]

Let a,,Be[O,l] and @ < . Let u be a fuzzy
subset of a group G . Then i s called a fuzzy

normal subgroup with thresholds of G
y(y’l*x* y)va > u(X)A B, VX, y eG.

2.6 Definition [4]

A fuzzy semiautomaton over a finite group (Q, *) is

a triple (Q, X,,u) where X is a finite set and s is

a fuzzy subset of Q x X x Q.

2.7 Definition [4]

Let S = (Q, X ,,u) be a fuzzy semiautomaton over

a finite group G . A fuzzy subset A of Q is called

fuzzy kernel of S if the following conditions hold.

Forall p,g,r,keQ,xe X

(M A is a fuzzy normal subgroup of Q
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(ii) i(p*r‘l)zy(q*k,x, p)An(qxr)AA(k)

2.8 Definition [4]

Let S = (Q, X, ,u) be a fuzzy semiautomaton over

a finite group G. A fuzzy subset A of Q is called

fuzzy subsemiautomaton of S if the following
conditions hold:

(i) A is a fuzzy subgroup of Q
()2 p(a.xp)~4(a)
forall p,qeQ,xe X.
2.9 Definition [4]

Let Aand u be fuzzy subsets of G . The product
Axpy of A and u is defined by

(A% u)(x)=v{A(y)Au(2)!y,7€Gsuchthat x = y + 2}

3. Main Results

3.1 Definition

Let S = (Q, X ,,u) be a fuzzy semiautomaton over

a finite Group. A fuzzy subset A of Q is called a
fuzzy kernel of S with thresholds if

(i) A is a fuzzy normal subgroup of Q with
thresholds

(i)

(/1(P*r’1)va)2u(q*k,x, p)Au(a.xr)AL(k)ApS
forall p,q,r,keQ

3.2 Definition

Let S = (Q, X ,,u) be a fuzzy semiautomaton over

a finite Group. A fuzzy subset A of Q is called a

fuzzy subsemiautomaton of S with thresholds if the
following conditions hold
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(M A is a fuzzy subgroup of Q with
thresholds

(2(P)va)zu(ax p)ri(a)Ap
forall p,geQand xe X .

(i)

3.3 Definition

Let Aand g be fuzzy subsets of G with thresholds
a,f . The product A*u is defined by

((ﬁ*y)(xwa)=v{ﬂ<v>w<z>w }

y,zeGsuchthatx=y+*z
Note

Let S = (Q, X ,,u) be a fuzzy semiautomaton over
a finite group in the remaining of the results. The
element '€’ be the identity of (Q,*).

3.4 Proposition

Let a,ﬂe[O,l] and a < . Let A be a fuzzy

kernel of S :(Q,X,,u) with thresholds «, .

Then A is a fuzzy subsemiautomaton of S with
thresholds a,p if and only if

(l(p)va)z,u(e,x,p)/\ﬁ(e)/\ﬂ for all
peQ,xe X
Proof:Wehave(/”L(p)va)zﬁ(p*r‘l*r)\/a
> A(p*r)AA(r)A B (By definition 2.2)

2<i(p*r‘1)/\l(r)/\ﬂ)va

:(Iu(p*r‘l)va)/\l(r)/\ﬂ
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> (p(0 % p)Ap(e,XT)AZ(Q)AB)AA(T)A B
(By definition 3.1)

>(u(ax p)Au(ex,r)ar(e)ar(a)AB)

Since /l(r)Zy(e,x,r)A/l(e) by given

condition

>u(a,x p)au(ex,r)ri(q)Ap

Since ﬂ(e) > l(q)

> (0, % p)AA(Q)A B
3.5 Proposition

Let a,,Be[O,l] and a < 3. Let A be a fuzzy
kernel of S :(Q, X ,,u) with thresholds &,  and

v be a fuzzy subsemiautomaton of S with thresholds
a, B . Then A *V is a fuzzy subsemiautomaton of S

with thresholds ¢, /3 .

Proof: Since A is a fuzzy normal sub group with
thresholds and v is a fuzzy sub group with thresholds

of Q, it follows that A * v is a fuzzy sub group of Q
with thresholds &,

((l*v)(p)va):((/l*v)(p*r*r’l))va :

By definition 3.3

Z(ﬂ( p*r’l)/\v(r))/\ﬂ
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2((/1(p*r*l)/\v(r))va)/\,8

Using Lemma 2.1 in [2]

:(ﬂ(p*rJ)v

is distributive.

a)/\(v(r)va)/\ﬂ, since v

2( (a*b X, p)/\y(a X,r)AA(b) A B)A
(#(axr)nv(@)np)rp

=pu(a*b,x, p)ai(b)av(a)ap

((ﬂ*v)(p)va)zv{ (a*bX p)/\/l( ) ( )/\ﬂ/}

Va,beQ,a*b=q

-staxo {2 el
=p(a. %, p)A(A*v)(a)vea

>p(0,% p)A(A*v)(a)A B

> u(d,x p)A(A=v)(a)n
3.6 Proposition

Let a,ﬂe[O,l] anda<f If A and v are

fuzzy kernels of S with thresholds a, then
A*V is afuzzy kernel of S with thresholds @, 3 .
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Proof: Since A and v are fuzzy normal subgroups
of Q with thresholds then A*V is also fuzzy

normal sub group of Q with thresholds

((/l*v)(p*r’l)v

a)z(ﬂ*v)(p*q’l*q*r’l)va

>A(p*qt)av(gxri)aps

(By normal

subgroup definition)

:(,1(p*q’l)va>/\(v(q*rfl)va)/\ﬂ

Using Lemma 2.1 in[2]

>(u(axbxc,x, p)Apu(axb,x,q)AA(c)rB)A
(u(a*b,x,q) A u(a,x,r)Av(b)AB)A B

(By definition 3.1)
=u(axb=c,x,p)ai(c)av(b)Ap

(Sinceu(a*b*C,X, p) < u(axbwx, p))

u(g=b=c,x, p)A u(q,x,r)
(ﬁ*v)(p*r"l)vaZ\/ AL(C)Av(D)A B
b,ceQ,bxc=k

et p)w(q,x,r){v{muv(bw/}

bxc=k,b,ceQ
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:,u(q*k,x, p)/\,u(q,x,r)/\(/i*,u)(k)va

>,u(q*k,x, p)/\,u(q,x,r)/\(ﬂ*,u)(k)/\ﬂ
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